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EDITORIAL 
THE THREE YEAR COURSE 


In 1960, all students entering training colleges to become teachers will be 
required to undergo a three year course of training. The present students take 
two years, and a crowded two years it proves to be; a student may be dabbling 
in as many as eight fields of knowledge in the course of one week. This aspect 
of the present courses has been stressed in the recent Ministry of Education 
publication The Training of Teachers—1957 (H.M.S.O., 1/9d.). 


All teachers should read this most sensible and balanced appreciation of the 
training college position. The report suggests that there should be main courses at 
two levels; Level A giving knowledge and appreciation of comparable quality with 
that of a university course and Level B ranging over a perhaps wider field than 
present courses and of more intellectual difficulty. In addition to the usual courses 
in the principles of education there should be curriculum courses to give some 
appreciation of the value of a subject to children, an understanding of what is 
involved in teaching it, insight into children’s likely difficulties and some knowledge 
of the organisation and materials used for the subject in schools. Primary school 
students should take compulsory curriculum courses in physical education, 
mathematics and one of the arts. The student should have the equivalent of a 
year’s free lecture time. 

Another report published by H.M.S.O., Scope and Content of the Three Y eur 
Course of Teacher Training (1957, the Sixth Report of the National Advisory 
Committee for the Training and Supply of Teachers) whilst not so specific as the 
other report yet has some important things to say. “Students (at present) do not 
mature by living, they survive by hurrying’: the standard of entry must be raised: 
there should be more time for students to acquire by their own efforts mature 
standards of scholarship and professional technique, being set recognised and 
definite standards, higher than at present. 


All reports have in common a desire that the standard of entry of candidates, 
at present too low, should be raised . 


What of mathematics in this new scheme of things? Mathematicians are so 
scarce in training colleges (as in other places) that there is a real danger that the 
popular confusion of calculation with mathematics will be perpetuated. Forty-four 
per cent of students entering colleges at present have not passed “O”’ level. It 
seems desirable therefore that primary school teachers, at least, should have a 
substantial course to give them some appreciation of the sort of mathematics their 
children will ultimately enjoy and to fit them to take advantage of the mathematical 
opportunities so very frequently encountered in the primary school. In_ the 
secondary field, it seems likely that the best students will be encouraged to fill the 
gaps in the ranks of grammar school mathematics teachers. Hence there will be 
a shortage of teachers in the other forms of secondary education which can only 
be met if courses are provided for those who are interested in mathematics 
sufficiently to want to teach it, although they may not even have taken an “O” 
level examination. 


The content of the course is another matter requiring considerable thought 
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and a revolutionary approach from those of us who have been caught in the 
squirrel cage of examinations. How revolutionary may be gauged from the report 
of a recent conference at Oxford, summarized in Abbreviated Proceedings of the 
Oxford Mathematical Conference for Schoolteachers and Industrialists (published 
by Technology, Times Publishing Co.). In a lecture, The value of mathematics 
and its teachers, Dr. Hammersley makes the points: First, we must take practical 
action now to provide the trained technologists needed for the 1980s; second, a 
school education must be broad, its syllabus must develop the mind, keep it open 
and unafraid to learn fresh things throughout life and make it resourceful and 
adaptable to circumstances as they arise. He goes on to point out that the real 
value of mathematics is less its use in diverse fields and more its revelation of 
hidden similarities between them; it cross-fertilises different branches of knowledge. 
Our teachers are able to spend their whole life teaching mathematics to pass 
examinations to culminate in a career which teaches others to pass examinations. 
“In real life the mathematician’s main task is to formulate problems by building 
an abstract model consisting of equations, which shall be simple enough to solve 
without being so crude that they fail to mirror reality”’ (ibid. p.10). 


It is clear that we have to reframe our thinking of mathematics in the light 
of the twentieth century, letting new ideas spring from elementary experiences 
rather than become superstructures grafted on to the graduate’s edifice of know- 
ledge. It is up to the training colleges, with their freedom of choice in compiling 
a syllabus and with their specially chosen staffs, to re-think their mathematics to 
emancipate it and themselves from the vicious circle of examinations, to experiment 
with topics like matrix theory, vectors, statistics, etc., so that their students leave 
with a sense of wonder at the relationships which are mathematics and a vision 
of the landscape of a mathematics able to furnish a satellite to circle the globe, 
to estimate the standing timber in a forest, to model an expanding economy and 
to date Druid circles. If the schools will experiment they will not want for encour- 
agement, but if the training colleges do not give a lead then we shall have 
students with neither works nor faith to break new ground. Cc. H. 


Next year this journal should appear three times instead of twice, and there 
will be no corresponding increase in the subscription. Good news at a time of 
rising prices! We hope also to broaden our scope, and we are particularly anxious 
to do more work which will benefit Primary teaching. We cannot print what we 
do not receive, and it is up to teachers to help themselves rather than to await, 
passively, advice from experts from above. May we therefore stress to all Primary 
teachers who see this journal that its pages are open to them, and that we invite 
them to write for us, or to write to us about their problems? 


The present issue includes a number of letters from readers. In the future 
the gap between the appearances of successive numbers will be shorter, and we 
hope that this will encourage the growth of the correspondence column still further. 

We do not like to see teaching in separate compartments; our interest is in 
the whole of mathematics, and if your interests are not served by the present range 
of articles, then at least let us know. 











THE EVOLUTION OF NUMBER CONCEPTS IN THE CHILD 
P. C. DODWELL 


Recent editorials and articles in this journal have drawn attention to serious 
difficulties experienced in finding suitable candidates for training as teachers of 
mathematics. Not least among the difficulties mentioned is the fact that many 
children, when they leave school, show an active dislike of the subject, and are 
only too glad to have nothing more to do with it. If we ask what the possible 
reasons for this attitude may be, the replies given seem to fall under two main 
heads: (a) some children have an inborn antipathy to mathematics which nothing 
can alter, and (b) the attitude is engendered by unimaginative teaching, too much 
drill, not enough variety in presentation, eic. No one would doubt that consider- 
able advances have been made in recent years in the techniques employed in teach- 
ing mathematics, yet still the problem remains, the old attitudes persist. Is it the 
case that a great number of children have some innate dislike of the subject which 
no amount of improvement in the techniques of instruction can alter, or is there 
some further possibility not yet explored? 

Discussions of the teaching of mathematics usually seem to centre on tech- 
niques and skills employed, or the motivation of pupils and instructor; but motiva- 
tion and technique, although necessary conditions for the teaching and learning of 
mathematics (or any other subject) are not in themselves sufficient conditions for 
the proper assimilation of mathematical concepts. In deciding what to teach, when 
and how, certain aspects of the stage of development which the child has reached 
are not, I think, taken sufficiently into account. Yet such considerations may 
clearly be of importance, especially in the field of mathematics teaching. 

It could be argued that teachers with years of classroom experience behind 
them are able to assess pretty accurately what children of a certain age (or mental 
age) are capable of learning. On the other hand it is possible that such assess- 
ments are based on the ability to perform particular types of quasi-mechanical skill 

doing addition sums or using multiplication tables—and bear little relationship 
to what the child understands of the concepts and ideas that underlie such skills. 
Is there any way of finding out, in fact, whether a child has a grasp of the meaning 
of number? This question may be of considerable importance, for to start drilling 
a child with rules of computation, multiplication tables and the like, before it has 
any insight into the concept of number, may set up patterns of rigid, stereotyped, 
parrot-fashion behaviour which interfere with understanding the less elementary 
parts of the subject which it will tackle later. Perhaps equally important is the fact 
that a child who is introduced to number work too soon is likely to find itself in 
an extremely frustrating situation: if it has little conception of what numbers are, 
it will be baffled and dismayed by an array of signs and symbols which obviously 
mean something to some people—the teacher and some classmates—but to itself 
are a closed book. If the hypothesis is right, that there is a well-defined stage of 
development at which the child is first able to understand what a number is, then 
to start to teach it arithmetic before that stage is reached is to court disaster. 

This theme has been developed at some length because there is now some quite 
definite evidence to suggest that the average child’s ability to understand the con- 
cept of number is very poor below the age of six and a half or seven. Incredulous, 
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many teachers and parents could point to the fact that children of half that age 
can count, and simple forms of computation can be learned well before the age 
of six. This cannot be disputed, but it misses the point: the fact that a child can 
count, add and subtract tells us virtually nothing about its understanding of num- 
ber, only quite a lot about how well it can learn to follow rules by rote. A series 
of experiments by Jean Piaget in recent years (published in English as The Child’s 
Conception of Number, Routledge and Kegan Paul, 1952) has demonstrated 
elegantly, if not conclusively, that the concept of number, or the ability to deal 
rationally with situations and problems involving the use of number, is not fully 
attained by the average child before its seventh year. Some of these experiments 
will be described in detail later, but we will first indicate their scope and general 
aims. 


In his early work on the nature of childish thinking, e.g., in The Language 
and Thought of the Child and The Child’s Conception of the World Piaget tried 
to show that the characteristic forms of thought in young children follow very 
definite patterns; they are not just poor attempts at the sort of logical thinking in 
which adults (ideally) indulge, but rather forms of thinking with definite dynamic 
patterns and laws of their own. Some of these laws, or recurring patterns, bear 
striking resemblance to Freud’s conception of the working of the Unconscious; but, 
unlike the supposed workings of the Unconscious, the working of the child’s mind 
is Open to fairly direct observation. Piaget’s early investigations consisted mainly 
of verbal interrogation of children, and as such have been sharply criticised. His 
more recent studies have employed test situations, the manipulation of materials 
and solving of concrete problems. These methods, as well as being experimentally 
more respectable than the earlier ones, have also enabled Piaget to formulate with 
greater precision some of the characteristics of childish thought. In particular this 
applies to the work on the concept of number. 


Most people would be prepared to say that they have a pretty good idea of 
what a number (to be more precise, a positive integral number) is; they would 
soon run into difficulties if asked to define such an entity, for all its apparent sim- 
plicity. Bertrand Russell showed that the concept of number is logically rather 
complex, and presupposes more primitive notions, such as the relations “greater 
than” “‘less than” and “equal to”, and that the concept depends also on the notion 
of “‘one-one correspondence”. Piaget has shown that the young child not only has 
no conception of what a number is, but that it does not attain such a conception 
before it has learnt—at a purely practical, concrete level- -to deal with relations 
of order, size and equality, and its ability to operate effectively in terms of num- 
bers depends both on these relations and on the operation of putting two sets of 
elements into one-one correspondence with each other. 


The young child, say at the beginning of its sixth year, knows what is meant 
by “bigger” and “smaller”, but it knows this only in terms of what it sees. Suppose 
one fills two similar glass beakers to an equal depth with a coloured liquid; the 
child will say that there is the same quantity in each. Pour the liquid from one of 
the vessels into another with a different shape, and the child judges that the quan- 
tity of liquid has changed, because what it sees—the shape of the liquid—has 
changed; moreover such a child cannot grasp what the adult is getting at, if one 
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tries to explain that the amount of liquid is the same, despite the changed appear- 
ance. The same result is found when equal numbers of beads are poured into the 
two beakers (the child may even count them out). As soon as the beads are poured 
from one of the beakers into a third of different shape, the judgment of “equal 
numbers” is lost, though it can be restored by pouring the beads back into the 
original beaker. This sounds hardly credible, and one is loth to accept it, despite 
the fact that Piaget claims to have experimented with some hundreds of children. 
I certainly should not feel too happy about the genuineness of the phenomenon, 
were it not for the fact that I have observed it for myself. 


This stage of development, where the child’s comparisons of quantity are 
dominated by aspects of what is actually perceived, is called by Piaget the stage of 
“global comparisons’, and is the starting point from which the concepts of quan- 
ity, measure, series and eventually number finally evolve. 


One cannot fully grasp the significance of Piaget’s experiments without some 
knowledge of the general theory of intellectual development which they are designed 
to illuminate and confirm. Piaget distinguishes three very broad stages of the 
development of intelligence—-he uses the word in a wide sense, and considers the 
methods of biological adaptation of different species as more or less intelligent, 
inasmuch as they involve the active participation of the organism with its environ- 
ment. The source of intelligent activity is, for Piaget, the organism’s need to under- 
stand, predict and control its environment, and for the human being this implies 
ability to understand and predict events in the complex world in which he lives. 
For the infant such understanding is limited to its immediate surroundings, to what 
it can see and hear, to what it can touch and move. This Piaget calls the stage 
of “sensori-motor” intelligence. Space does not permit a detailed description of 
what is meant by sensori-motor intelligence; more important from the point of 
view of the development of the concept of number is the next stage, which Piaget 
calls the stage of “‘concrete operations”’; it is not really a simple stage, but a pro- 
cess of gradual evolution and development leading up to the ability to perform 
“concrete operations’. The term concrete operations must be explained, but first 
let us note that Piaget claims that this stage lasts from about the age of two to 
about seven, when the third stage starts to develop, which he calls the stage of 
“abstract operations”, and which only culminates in the fourteenth year. 


What is meant by a concrete operation? Consideration of some of Piaget's 
experiments will perhaps help to elucidate the notion. In the experiment with 
beakers described above, it was found that a young child of about five could only 
judge quanity in terms of what it can see, and is content to make judgments in 
these terms. Such comparisons are, of course, superseded quite quickly by judg- 
ments of another sort. A child who can only make perceptual comparisons will 
judge the quantity of liquid in the beakers in terms of its height, or perhaps in 
terms of its “thickness” (cross-section). What happens if the liquid is poured suc- 
cessively into a series of ever narrower beakers? Perhaps the child will not be 
worried, and will go on judging in terms of height alone, so that the quantity of 
liquid becomes larger and larger. A slightly more advanced child (Piaget no longer 
attempts to give definite ages for his stages, and recognises that there are immense 
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individual differences) will eventually notice that the column of liquid is getting 
narrower, and realises that the narrowness has something to do with the “amount” 
of liquid. Typical of this stage are the expression of doubt, answers such as: “It 
must be more, because it’s higher, but its getting thinner too’’, or a reversal of the 
judgment, i.e., the liquid becomes less and less as it gets narrower. This Piaget 
calls the stage of “intuitive judgments”, when the child starts to grasp the factors 
which affect volume, but does not know how to relate them correctly to each other. 
Eventually the child realises that height and cross-section must be considered simul- 
taneously in estimating the quantity of liquid, and when this is realised, it is able 
to make consistent and correct judgments. That is, it is able to perform the opera- 
tions, in concrete cases, which yield successful, consistent predictions; it is able 
to understand that transformations of shape do not affect the volume of liquid. 
Piaget cites other experiments, with plasticine and other materials, which he claims 
confirm him in stating that the young child—up to about the end of the sixth year 
in general—has hardly any idea of constancy of quantities, in the sense in which 
we normally use that word, unless that constancy is perceived. 


Various difficulties and objections will occur to the reader; for instance, is it 
really the case that a child has no idea of volume unless it can multiply height by 
cross-section? Unfortunately a complication of terminology is here evident, which 
I can only touch upon; when Piaget talks in this sense of multiplication he means 
what is sometimes called “logical multiplication’, i.e., considering two factors 
simultaneously as affecting a third—in this case considering height and cross-section 
as factors which jointly affect volume. It might seem that the concept of “a cer- 
tain quantity”’ which is unaffected by changes of shape is a sort of primitive notion 
which does not depend on the operations of logical multiplication to find two 
volumes which are then equated. Here speculation will not help; further research 
is called for. One might also wonder whether the child has really understood what 
the adult meant—perhaps it really understood that the quantities did not change, 
but was confused by a form of words? Piaget excludes this possibility on the 
grounds that identical questions asked at different ages evoke characteristically 
different responses, and he suggests that the characteristic responses reflect the 
child’s natural, unforced ideas about physical quantity. 


The notion of a concrete operation is made even clearer in an experiment 
with eggs and egg-cups. A certain number of egg-cups are placed in a straight line, 
equally spaced out, in front of the child. It is asked to pick out an equal number 
of eggs from a basket, a task which causes no difficulty, especially if the eggs are 
placed in the cups The child may even count the number of eggs and the number 
of cups. But if the eggs and cups are separated, and the eggs bunched up in a 
group, the judgment of equal numbers is lost; the child says there are more cups 
because they make a longer line. If it then places the eggs back in the cups it is 
not surprised that it has enough eggs to fill all the cups—if it is still in the stage 
of global comparisons. If it is in the stage of intuitive judgments it may be sur- 
prised, and would characteristically say “there were really enough eggs, because 
they were closer together’, although unable to say why there must necessarily be 
enough. This is an experiment involving what Piaget calls ‘“\provoked correspon- 
dence”: a similar experiment where there is no such provoked correspondence is 
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that in which the child is confronted with a row of equally spaced counters of 
chips on a table. It is asked to place an equal row from a box on the table; this 
again presents little difficulty, although the younger child in the stage of global 
comparisons may content itself with a row which merely looks the same. The 
important point is that, if one of the rows is bunched up or further spread out, 
the judgment of equal numbers is again lost, and the child which is still a “‘global” 
comparer will find nothing incongruous in adding a few more chips to one of the 
rows to make the numbers “equal” again! The intuitive stage in this experiment is 
characterised by uncertainty about adding counters to a row, remarks pointing out 
that although the standard row has been made longer the chips are now further 
apart, etc., but no clear realisation that the number of counters is quite invariant 
under changes of pattern. The fully operational stage is only reached when the 
child finds that the number of chips in a row depends both on the length of the 
row and the density of chips (and on nothing else)—again this depends on a logical 
multiplication. A further operation which goes hand in hand with those described, 
is the operation of putting two sets of objects into one-one correspondence with 
each other; the realisation that this one-one correspondence is a relation un- 
affected by what is perceived and how what is perceived changes, is fundamental 
to a grasp of what a number really is. 


I have described a few of Piaget’s experiments which, he claims, demonstrate 
the unoperational—or one might say the “‘magical’’—quality of some of the child’s 
ideas concerning measure, and the relations between classes or sets of objects. 
There are many related experiments which are equally fascinating, but space does 
not permit of their description. 


A different type of operation, but one equally fundamental to the full concept 
of number, is the operation of ordering, or seriation as Piaget calls it, at the con- 
crete level. Tests of ability to seriate a set of (perceived) objects occur in many 
intelligence tests, but the simple test of whether a child can or cannot put a set 
of objects in the correct order tells us little about the mental processes which may 
lie behind that ability. Is it a simple matter of perceptual ordering, by trial and 
error? or is the child actively engaged in some other way in the process? Piaget 
attempted to investigate this problem in the following way: 


A child is shown a set of, say, ten dolls of different sizes, and is asked to 
place them in a row, the smallest at one end, up to the largest at the other. Having 
achieved this, it is then asked to give each doll a stick, the largest for the biggest 
doll, etc. This presents no difficulty, so long as the two series can be placed close 
to each other (a perceptual correspondence is built up) and the child can then 
readily point out which stick belongs to each doll. If one of the sets is dis- 
turbed, by being spread out, for instance, the child no longer finds it easy to 
say which stick belongs to each doll. The most primitive response is 
to point to the stick nearest to the particular doll (a sensible response, in one 
respect! ) but soon attempts to work out the correct way of finding out which stick 
belongs to which doll appear (intuitive phase). The truly operational means of 
allocating a stick to a doll depends, of course, on finding that the number words 
(ordinals) describe the position of both stick and doll in their respective series 
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a matter which is by no means obvious to the average six-year-old. This touches 
on an important problem—that of the relationship between being able to name 
numbers and being able to use numbers operationally in Piaget’s sense. One may 
guess that the average child’s facility at naming has tended to blind us to its diffi- 
culties with operating. 

Again, this is but one example from a series of fascinating experiments on 
the child’s ability to operate with the ordinal property of numbers; one could not 
enumerate all the others in one article, but more complete descriptions will be 
found in Piaget’s book, mentioned above. The main points from this work are 
as follows: (a) The child learns to solve problems at the perceptual, concrete, level 
before he can do so in the abstract, although he does not (and cannot) solve them 
merely in terms of perceived relations. The lateness of the age at which the average 
child comes fully into this ability may come as a shock to many. (b) The attain- 
ment of the fully operational solutions is characterised by an emancipation from 
perceptual properties and relations, therefore one might guess that methods which 
assist this emancipation may be more effective in the long run than methods which 
emphasise perceived properties, however much the latter may, in many cases, show 
short-term success. (c) Both the operations on cardinal properties (class inclusion, 
etc.) and on ordinal properties (seriation) must be grasped before the child can 
understand what a number is. (d) The ability to perform such operations appears 
to develop to a large extent naturally, at least in the sort of surroundings which 
most Western European children enjoy; it is not known how far their appearance 
could be speeded up by providing enough of the right types of experienc. (e) It is 
pure folly, if there is any truth in Piaget’s ideas on intellectual development, to 
attempt to drum abstract rules and formulae into a child who has not fully attained 
the stage of concrete operations, because it simply lacks the intellectual founda- 
tions for their understanding. 

This article has, necessarily, been rather dogmatic and incomplete in many 
respects. In concluding | would like to emphasise that a great deal of experimental 
work is called for to confirm fully the results which Piaget has published; at the 
same time critics of Piaget’s work who claim that his methods are too subjective 
to be given any credence evidently have not read any of his more recent reports. 
It is true that many of his experimental findings fit almost too neatly into a cer- 
tain pattern—and what a fascinating pattern it is! —for the eclectic British tempera- 
ment, but this should not be a reason for rejecting them out of hand. I have tried 
to indicate by a few examples the sort of penetrating study Piaget has made of the 
child’s conception of number, and in the first part of the article I have suggested 
why I think such studies are of outstanding importance, both for improving the 
efficiency of the teaching of mathematics, and for avoiding possible dangers in that 
teaching which might induce severe intellectual and emotional problems in young 
children. That the emotional problems are there, no teacher of mathematics will 
doubt; that intellectual problems exist we know, and attempts to mitigate them 
are as old as pedagogy itself; whether Piaget’s work can provide the key to a 
remedy or not remains to be discovered, but finding out should prove to be both 
instructive and fruitful. 











CAN AMERICAN EDUCATION TEACH US ANYTHING? 
C. GATTEGNO 


I must say at once that only mathematics teaching will be my concern in this 
note from America, and also that my purpose is neither to waste time criticising 
what our colleagues are trying out there, nor to patronise anybody. We in the 
A.T.A.M. are very keen to learn and share our experience, and my trip to the 
U.S.A. had only that aim. Now I know something of what goes on there in centres 
as distant from each other as they are from us. 


The first and most important thing we could learn from them is to take an 
experimental attitude towards our activity. It is not because we say something 
loudly enough or because enough of us say il, that it is true, but because the 
evidence in hand supports it. When new evidence is brought to bear on the situa- 
tion, people should examine it carefully and try either to integrate it with what 
they know or move from their position to be on the side of the evidence. Because 
there is little of this experimental attitude in the land of Francis Bacon, when 
Americans look at the scene in Britain they find that current ideas have no examined 
basis. Can we put any of our cases in numerical tables so that they say clearly 
that we do this for that reason and find it substantiated by the evidence? Where 
in the Reports of the Mathematical Association can we find the research back- 
ground for what is suggested? 

When we look at American education, however, we are overwhelmed by the 
way in which their enormous machinery of research is turning in the void—idling 
—and how few significant problems are in circulation. If we lack system in our 
approach to our teaching problems, they lack ideas, or so it seems to me. 

At present there are two main challenges to the fore: teaching more modern 
mathematics at the high school level and giving a better understanding of arith- 
metic in the first eight grades of the elementary school. 

The first is handled by a variety of groups which are making their impact in 
different directions, most of them still estimating that it will take ten or twenty 
or even thirty years before high schools adopt their recommendations. It would 
take too much space to mention all the committees and it would be difficult to 
be sure that all were included. One is particularly in the limelight, the Urbana 
School project of Illinois University which has a research fund of about a quarter 
of a million dollars. 

I have not visited the centre, though I was very near and could easily have 
done so, because I feit it was not possible for me to look at it and not say what 
I thought, and it was difficult to be sure that the team that is working so hard 
and at high pressure on it would not take it as an impertinence. This says clearly 
that they are not satisfying my criteria of rigour, i.e., psychological and peda- 
gogical, for they certainly try hard to be strictly logical. | have a whole collection 
of their own statements as evidence for my stand. But in order to be clear about 
this I shall first say what the research is about. A team of mathematics instruc- 
tors of Illinois University (which now includes W. W. Sawyer) prepared a course 
of mathematics for the grades 9—12 (age 15—18) as a draft which was tested by 
high school teachers in selected ‘schools and continuously altered as information 
about the pupils’ reactions was forwarded by their teachers who became an integ- 
ral part of the team and attended workshops, or seminars. The authors of the 
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texts do not want to water down mathematics, but to put in all the steps that will 
eliminate all ambiguity and give experience of what matters in order to ensure 
logical understanding. There are vast numbers of exercises and a most careful 
development. One is duly impressed by the skill and logical refinement of the 
writers. The reading of the texts is refreshing and I would advise all those who 
train teachers to study them, for | am certain they need to be aware of the shades 
of meaning so carefully brought into relief. There are also many innovations. 

In spite of all the luxury of precautions to ensure that the results are in the 
true tradition of educational research, in spite of the experimental aspects of the 
whole project, and of the collaboration of theoreticians and practitioners, I do not 
look on this project as significant because it is based on a set of beliefs that I 
know are disproved by reality. The first is that mathematics can be handed out and 
that pupils should discover what the authors have put in it, and in that order. I 
claim to have obtained full mastery for my pupils of some of the algebraic situa- 
tions developed at length in the text, in a few lessons given to pupils at the age 
of twelve and, I believe, coupled with a deeper understanding. As instance of 
what I find unacceptable in this direction is the belief that pupils can still make 
a mistake at a certain stage which proper understanding excludes altogether. Thus 
teachers are warned that their pupils after wecks of algebra may still have to be 
corrected when they say 8x2-—6x and 2x are equivalent expressions; and often 
teachers are told that pupils should find this or that easy. Are they not putting 
the cart before the horse? 

The second objection is that the authors are fascinated by logic, and this 
dominates the whole scheme of work to such an extent that they move ahead under 
the pressure of its requirements rather than by taking account of reality, which 
now and then shows its head in such remarks as: “Pupils found exercise so- 
and-so difficult because they cannot add fractions; it is an opportunity to give 
them plenty of exercises in these.” 

This takes me to the third objection to the whole scheme: pupils are not 
born at the age of fifteen, and any experiment that does not start in the first grades 
can only show little of what should be done to improve the teaching of mathema- 
tics. [ claim that what is taught at fifteen is natural at ten, that mastery can be 
achieved then, and that this should be recognised. Because the Illinois team wants 
to teach logical finesses and has a preconceived idea of mathematics and of what 
is a respectable standard, their course will substitute one conditioning for another. 

{| have not found any one who thought that the teaching of mathematics is 
an entity and that the reform must be a concerted affair from kindergarten to 
university. it is true | have not met everybody, but my reading has taken me to 
different journals and different authors for the various levels: educational psycho- 
logists reign at the elementary level, mathematicians at the secondary. It is the 
pride of our Association that from its inception we conceived of it as having to 
call on the experience of all the teachers to learn what to do and how to do it, 
at all levels at the same time. 

We still lack the tabulated evidence which will speak for itself and (though 
I personally do not feel inclined to undertake the task for reasons of my own) I 
think we must learn to produce it, and efficiently. If there are so many of us 
engaged in improving our teaching, there must be numbers of interesting experi- 
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ments going on, and if we only knew the criteria used we could put things together 
in a “respectable” fashion. Americans do not know how much we are doing and 
think that actually we are doing nothing because we do not believe in the same 
standards of research and particularly of presentation which they value so highly. 

As for the elementary stages, I found the situation rather barren. Huge 
cohorts of students and professors are turning round and round, more or less in 
the same field. Textbooks (so expensive to print and hence to buy) are only a 
shade different from one another and it takes three authors to write them, not 
because of the wealth of ideas but because of the pressure from the publishers 
who want them for the eight grades, complete with teachers’ manuals (often thicker 
than the texts), at a definite date. Everybody is busy, very busy—and we all look 
quite idle in comparison—because the books are being renewed continually for 
real or artificial reasons. I was welcome in some places because I brought some- 
thing new, and that is the best introduction. I was told so much that was deroga- 
tory about the teachers in elementary schools that it would have been alarming 
had I not heard it before in many countries and found it simply not true. This 
we can teach Americans: that we trust our colleagues in the elementary grades 
and talk to them with the consideration their function entails, for we cannot put 
our children in their hands unless we do so. We know they need technical help, 
but we refuse to substitute ourselves for them and tell them what to do at every 
step. I think we have without much propaganda created a movement for the teach- 
ing of mathematics that is really democratic: each contributing to the best of his 
ability and all enjoying the confidence of their comrades. We may not need to 
prove statistically that we are doing better than before, because we see that we 
are raising the level of mathematical understanding and mastery through our col- 
laboration with our pupils and through a better understanding of their minds in 
the concrete. For this reason I personally do not want to use control groups. I 
want each one to raise himself; a child is a person and not a label, and if I have 
helped one to do so I go on to help another. 

It is my feeling that there is not much of this going on in America. People 
are too interested in “objectivity” to believe that what is essential in us, our sub- 
jectivity, can be taken into account. 

This “letter from America” is a mixture; it is so partly because it conveys 
a personal message of what came to me as I was looking at the American scene, 
and because I could not stop thinking also of us and of what we were trying to 
achieve through our Association. 


My friends will be interested to know that what we stand for has appealed 
to many, and that our Bulletin will be read with keenness if we do not remain all 
the time at the personal or “subjective” level, if we give more room to research. 
In fact what we do has a name in the States; they call it “‘action research”, mean- 
ing by this that they believe teachers can in their classroom find things of interest 
but not sufficiently general to be of use to others, hence leaving room (and a digni- 
fied position) for the “objective” research which uses statistics properly or 
improperly. 

What we would like to learn from the Americans is how with so much money 
spent on armaments and foreign aid, they still find so much money for education. 
Then teaching aids would be available to us as easily as they are to them, 
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Numbers in Colour 


G. CUISENAIRE & C. GATTEGNO 


This book gives a complete account of the famous Cuisenaire 
“coloured rod” method of teaching arithmetic. The book 
does not assume any previous knowledge of the method, and 
can be read by all students and teachers. 


“Since we must teach arithmetic to all children, it is a 
satisfying thought that it can now be done pleasurably and 
efficiently, and that we can eliminate frustration in a subject 
which has for generations challenged the minds of teachers.” 
The Times Educational Supplement. 
Third Edition 5s. 


Arithmetic 


with Numbers in Colour 
Cc. GATTEGNO 


All teachers will welcome these two books, the first of a 
complete series which will provide both children and teachers 
with graded texts based on the Cuisenaire method. These 
first two books are intended for children of 7 - 8. 


Book 1 3s. Book 2 3s. 


Heinemann 











MATHEMATICS IN THE SECONDARY SCHOOL CURRICULUM 


III—MATHEMATICS IS A TRAINING IN LOGICAL THINKING 
R. H. COLLINS 


When attempting to evaluate the possibilities of mathematics as a training in 
logical thinking it is important to be quite clear as to what kind of reasoning ability 
is being sought, and furthermore whether this meaning really fits the context of 
the arguments used to support this claim. I believe that generally in discussions 
of this sort the word is intended to be used in the sense of training the pupil to be 
“a reasoning being”, i.e., to be what is otherwise termed “ta reasonable person”’ 
in his everyday attitudes and actions towards his fellow men; one who does not 
hold bigoted views, one who only takes a standpoint when he has found a justi- 
fication which he is prepared to explain to others. 


Whatever may be the exact interpretation however, it is essential when examin- 
ing the arguments in this article to look very closely for the following uses of the 
phrase “‘logical thinking”: — 

(a) logical reasoning 

(b) mathematical reasoning 

(c) reasonableness 

(d) a “mode of thought’, viz., a “scientific approach”’. 


It is to be hoped that there will be no confusion caused by the need to dis- 
tinguish between (b) and (d), for it is impossible to explain the distinction ade- 
quately within the compass of this article. Indeed a full discussion might warrant 
a thesis on its own; rather will the exact meanings become clearer after reading 
this and subsequent articles in the series. 


As well as being forewarned about the different senses in which the phrase 
“logical thinking’ may be encountered in this article it is also important that the 
reader should be on his guard lest the meaning implied in one part of an argu- 
ment suddenly assumes a different one subsequently, thereby enabling a precon- 
ceived conclusion to be reached by means of fallacious reasoning. 


This second aim, namely, that mathematics affords a training in Logical Think- 
ing, has been argued about since time immemorial and is still a good debating 
point today. It is again one which has its roots in the foundation of Greek 
culture. A. W. Stamper (A History of the Teaching of Elementary Geometry, 
Columbia University) says that there is evidence in Plato’s Dialogues to suggest 
that the Greeks were more interested in the reasoning used in geometry than in 
the subject matter. It seems to me that it is more likely that the aims attributed 
to Plato have been misinterpreted, for he says, “Our Guardian is soldier and 
philosopher in one and it is but fitting that those who are to share the highest 
functions of state should enter upon the study of calculations and take hold of it 
for facilitating the conversion of the soul itself from the world of generation to 
essence and truth.” 


In another place he expresses the opinion that the study of the subject com- 
pelled the soul to employ pure thought in the search for truth. 


Certainly the above quotation can be taken to refer to the intense logical 
developmeat of mathematical topics but it scems to me that in addition Plato 
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is referring to the significance of Mathematics as a “mode of thought” (an educa- 
tional aim which will be dealt with in due course). In the case of the Greeks, 
however, this mode of thought was more fundamentally philosophical by virtue 
of the fact that through the influence of Pythagoras and his school at Samos there 
had developed the theory that the universe was based on number. In this context 
the learning of mathematics would have become a first essential if the Greek con- 
ception of the world was to have any meaning, and it is inevitable that there should 
still be a remnant of this philosophy in the educational objectives of Plato’s world; 
for though the complete rejection of mathematics as an educational subject in the 
curriculum might well have been impossible, its motives could have been altered 
as to fit new circumstances with the foreknowledge that an attempt at a vigorous 
vindication of these new motives was fraught with difficulty. This would account 
for the lack of directness of the statement of mathematical aims in Plato’s work. 


It would appear, however, that the arguments did suffice the educationalists 
for many centuries. For aided by Euclid’s monumental work the study of mathema- 
tics assumed a status supreme in many cultures, a status which was more rightly 
akin to the study of literature although it remained supported in its position by 
the belief in its effcacy in the training of the powers of reasoning. Perhaps this is 
summed up in the advice given to his pupil by an unknown tutor (1780—). In 
listing the uses of mathematical learning he says: — 

“(1) Geometry is a sort of logic wherein quantities are the objects of 
argumentation, and the method of arguing is so strict, that the order of demon- 
stration can not be followed without that unremitting attention, which when 
it once becomes habitual to the mind, will be transferred to all other subjects. 

(2) The memory will be better able to assist the judgment in comparing 
what comes first with what comes after. 

(3) Geometrical demonstration being frequentiy a series of syllogisms 
habituates the understanding to a more orderly arrangement of complicated 
ideas.” 

All very emphatic; but without the semblance of proof for its validity and 
due to the undisputed status of Euclidean geometry allied to the educational 
theories of the time, which considered the child as closely akin to an animal 
requiring drastic training if it were to become anything of consequence in the 
world. 

At this stage, with the beginnings of an educational system taking shape, we 
find the writings of Rousseau and- Locke adding their weight to the claim of 
mathematics as a provider of training in the powers of reasoning. 

Locke in his essay On the Conduct of the Understanding has this to say: 
“Would you have a man reason well, you must use him to it betimes, exercising 
his mind in odserving the connection of ideas and following them in train. Nothing 
does this better than Mathematics, which therefore I think should be taught to all 
those who have the time and opportunity, not so much as to make them mathema- 
ticians as to make them reasonable creatures; for though we all call ourselves so 
because we are born to it, yet we may truly say, nature gives us but the seeds 
of it; we are born to be, if we please, rational creatures, but it is use and exercise 
only that makes us so, and we are indeed no further than industry and application 
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has carried us..... 

I have mentioned mathematics as a way to settle in the mind a habit of 
reasoning closely and in train; not that I think it necessary that all men should 
be deep mathematicians, but that, having got the way of reasoning which the 
study necessarily brings the mind to, they might be able to transfer it to other parts 
of knowledge as they shall have occasion. For in all sorts of reasoning every single 
argument should be managed as a mathematical demonstration; the connexion and 
dependence of ideas should be followed, till the mind is brought to the source on 
which it bottoms, and observe the coherence all along.” 


Locke’s conception of the function of mathematics in education was a natural 
outcome of his ideas on philosophy and psychology. He denied the existence of 
innate ideas—the basis of Greek educational theory which in his time was still 
firmly held to by those directly concerned with the education of the young——and 
in so doing prepared the way for the idea of human development. This idea is 
clearly seen in the passage above. He further believed that all knowledge was 
derived from two sources, (a) external material things as perceived by the five 
senses, and (b) internal experiences based on mental activity which he terms 
“Reflection’’. Under this latter heading he included perception, thinking, doubt- 
ing, believing, knowing, willing and reason. 

When he faces the task of how to foster these “reflections” in order that the 
child may develop, it would appear that Locke felt that the only one which could 
be dealt with systematically in schools was that of reasoning. I think that even 
he could not break completely away from Greek philosophy despite the fact that 
he wanted to. In putting forward the claims of mathematics to training reasoning 
power, however, he has to make the claim that ‘‘in all sorts of reasoning every 
single argument should be managed as a mathematical demonstration.” If this 
were possible then indeed Locke’s case cannot be denied, but as a writer in 
Cyclopaedia of Education (Edited by A. Fletcher, 1889) puts it, 

“It is necessary however to recognise the point of connection between 
mathematics and other pursuits for there is a fallacy not infrequently used which 
consists in giving a mathematical dress to reasoning which is not mathematical in 
its nature and so causing the argument to possess the certainty of mathematics 
when such is not really the case.” 


It is quite possible that detection of the important weakness in Locke’s claim 
on behalf of mathematics owes its origin to the writing of John S. Mill, for in his 
defence of the subject in 1865 in An Examination of Sir William Hamilton's 
Philosophy he declared that the really grave charge against mathematics is the 
influence it exerts over non-mathematical pursuits. It led men to assume that all 
knowledge could be derived from a small number of self evident axioms. It was 
this tendency which made the character of French thought in metaphysics, ethics 
and politics so objectionable to him. For this he blamed the fact that French 
speculation had descnded from Descates instead of from Bacon. 


Again it is necessary to point out that in both Locke’s and Mill’s time the 
main meaning attached in schools to the term mathematics was geometry with 
some arithmetic, for the emergence of much algebraic work was only now appear- 
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ing and even where it was being covered, the treatment was mainly a matter of 
learning rules by rote with little attempt to explain the underlying reasons for the 
rules. As the writer in the Quarterly Journal of Education Vol. 11 (Jan.-April, 
1831) puts it, “If arithmetic were unintelligible, (the teaching of) algebra is made 
to render that obscure which before was easy.”’ It is therefore clear that this 
reasoning aim for the subject of mathematics as a whole cannot be upheld with- 
out further consideration of the position of all branches except geometry. 


Within fifty years Locke’s opinions on mathematics seem to have become 
highly esteemed by mathematics teachers, for the same writer in the Quarterly 
Journal of Education Vol. 11 (Jan.-April, 1831) is emphatic that the only real 
educational value of mathematics for the general mass of students is its training 
in reasoning powers. After pointing out that it is not a sufficient argument for 
the subject to say it has the highest utility value, for the same holds true of many 
other subjects such as medicine which nevertheless find no place in the curricu- 
lum, he goes on to say: 


“It is well known that mathematical demonstration has acquired the name 
of certain, on account of the simplicity and perfect admissibility of the principles 
assumed and the strictly logical nature of the steps by which these conclusions 
are deduced from these principles. The results are also, in many cases, matters 
of common experience by the application of which the reasoning may be con- 
firmed. The same species of logic is used in all enquiries after truth but the broad 
distinction between mathematics and the rest is, that the data or assumptions of 
the first are few, undeniable and known to the student from the beginning.” 


He then lays stress, in the same way that Locke did, that the amount of 
mathematics acquired by the generality of individuals is of little importance when 
compared to the manner in which it is to be studied. The writer ends by castigat- 
ing the “‘old methods” of teaching the subject, ““The greatest mistake lies in the 
notion they (the schools) are to teach the greatest number of bare facts before the 
pupil arrives at the age of sixteen; whether he leaves school with the desire to add 
more knowlege to his stock, or the power to do so, does not seem to be considered 
of any importance.” 


It is interesting to reach these remarks and realise that they were written 120 
years ago. 


About this period (in 1840’s) it is quite apparent that mathematicians were 
content to waive the argument of the utilitarian objectives of their subject (in view 
of growing pressure on the same theme by new subjects, which were steadily 
encroaching into the curriculum) and were quite prepared to stand ground on its 
reasoning qualities. This notion now came under the heavy attack by Sir William 
Hamilton in his article on The Study of Mathematics as an exercise of the Mind, 
published in The Edinburgh Review. 


In reply to Dr. William Whewell, who had asserted “the supremacy of 
mathematical study in the cultivation of the reasoning faculty over the classics or 
natural science, and as a useful gymnastic of the mind, far superior to logic itself” 
Hamilton answered thus: —‘‘It will be easily seen, how an excessive study of the 
mathematical sciences not only does not prepare, but absolutely incapacitates the 
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mind, for those intellectual energies which Philosophy and life require. We are 
thus disqualified for observation, either internal or external—for abstraction and 
generalization—and for common reasoning; nay disposed to the alternative of 
blind credulity or of irrational scepticisms.”” 


This slashing attack was considered later by John Mill and he was quick to 
point out that no one had claimed that mathematics in itself was sufficient educa- 
tion for the intellectual faculties since it can only partially cultivate the mind if 
pursued to the exclusion of other studies. As Mill pointed out, this is equally true 
of every limited form and special employment of the mental faculties, and that 
mathematics, in common with any abstract science, affords “‘no practice in the 
estimation of conflicting probabilities which is the kind of sagacity most required 
in the conduct of practical affairs." On the other hand it has always been laid 
against the mathematician that he is hard to convince and it is a far greater dis- 
qualification both for philosophy and for the affairs of life to be easily convinced. 
In fact the protagonist writing in the Cyclopuedia of Education feels that the best 
way of supporting its claim as a general aim for the bulk of the population is that 
“the earliest introduction to mathematical reasoning is most important, for it is 
probably the only one they can have.” 

Even in his defence of the subject Mill was careful to avoid the claim that 
mathematical reasoning was in any way akin to the “kind of sagacity most required 
in the conduct of practical affairs.’””’ He even went further and said that if the study 
was followed exclusively it did worse, it prevented the faculty from being acquired 
and unfitted the individual for the business of living. 

It seems to me that the results of Hamilton’s attack and the careful defence 
of Mill did at least focus proper attention on the factor that had hitherto been 
missed out of most of the arguments, just how did mathematics give increased 
general reasoning faculties; for from about this period onward we find those who 
wish to advocate this aim going out of their way to try to show the reader that 
all reasoning of the mind must be essentially mathematical in character. Even as late 
as 1907 J. W. A. Young in his book The Teaching of Mathematics provides a 
good illustration of the major pitfall into which many of these writers fell. He 
analyses one or two special examples of reasoning and demonstrates in what respect 
they are mathematical in structure. He then immediately generalises to claim that 
therefore mathematics ought to help in training the power of general reasoning. 
He omits to observe that the illustrations themselves are essentially mathematical 
in character. However, the defence made by John Mill was now beginning to be 
felt in the educational world. At the same time the influence of educationalists 
like Pestalozzi, who had tried to put into practice some of the theories of Rousseau, 
began adding their weight to the changes taking place. 

In effect Mill had said that the subject of mathematics had been the means 
by which human intellect had succeeded in ascertaining the greatest number of 
important truths. He claimed that “to perceive the mathematical law common to 
the results of many mathematical operations even in so simple a case as that of 
the binomial theorem involves a vigorous exercise of the same faculty which gave 
us Kepler’s Laws.” In other words Mill is making a sharp division in what had 
hitherto been considered under one general heading ‘“‘reasoning’’ and emphasising 
the difference between scientific reasoning and other types of reasoning, being care- 
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ful to keep these two apart. In so doing it is more than likely that he fired the 
opening shots in the battle which was soon to emerge and is still with us to-day, 
namely, between the merits of classical education as against one through the 
sciences. Or as Dr. L. Weise put it in his German Letters on English Education 
(1854), *“‘*Mathematics possesses that rigidity which is indispensable to supply the 
deficiencies of a liberal education” —a solemn thought when to-day the boot would 
appear to be on the other foot! 

There is little question as to which side Mill took, for as he said mathematics 
teaching trains the mind to capacities which are the closest akin to those of the 
greatest metaphysician and philosopher. At this juncture the arguments have now 
so altered their course that it is more proper to consider them under another head- 
ing, namely, that mathematics is concerned with a mode of thought. 

The final words on whether a mathematical education gives any assistance in 
the faculty of general reasoning appears to be provided by F. C. Lewis in his 
Study of Formal Discipline (1905). He compared the marks of students in mathema- 
tics with ability in reasoning and concluded that mathematical reasoning did not 
even generally help in practical reasoning and law. Subsequently the investigation 
by Thorndike and James in 1922 on the transfer of training tended still further to 
weaken the belief in the efficacy of mathematics in this respect. 

It is interesting to observe that the Spens Report of 1938 when dealing with 
the aims of teaching mathematics makes no mention at all of the reasoning func- 
tion of the subject. In all the sources mentioned in this section those who were 
advocating this function for mathematics were most careful to insist that as taught 
in their time it was not fulfilling this purpose at all. There is no doubt that it is 
such criticisms which have contributed in no small measure to the changes in 
approach which have taken place and indeed are still going on. 

Having considered very carefully the opinions expressed above, | favour the 
view that if there is any justification in the claim of mathematical education as 
training in logical thinking it can only be in the sense of “‘mathematical reasoning”’. 
But in this event it becomes urgently necessary to justify this as being an essential 
aim in the curriculum for all secondary school children. Moreover I would hesitate 
to accept the view that the teaching of Euclidean geometry as at present conducted 
contributes as much as it should towards this aim. Again, the present methods of 
teaching algebra and arithmetic would hardly seem to further this objective. 

Indeed, since some of the so called “‘proofs”’ used in elementary mathematics 
turn out to contain flaws and have to be abandoned in the more advanced stages, 
| feel that even the idea of “logical mathematics” ought to be dispensed with. 
Those who still hanker after it, however, might give the matter further considera- 
tion when mathematics as a “mode of thought”’ is discussed in a later article. 





Mu Alpha Theta, a National High School Mathematics Club has recently 
been formed in the United States. Its aim is to engender keener interest in mathe- 
matics, to develop sound scholarship in the subject and promote enjoyment of 
mathematics among high school and junior college students. They would welcome 
individual or corporate members from this country. Particulars may be obtained 
from the Secretary-Treasurer, Miss Josephine Andree, Box 1127, The University of 
Oklahoma, Norman, Oklahoma. 
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IN THE NEWS 


JOHN V. TRIVETT 


As part of the Mathematics work in a secondary modern school, the centre 
of interest has its place. Take, for example, the newspaper. To commence, an 
interesting lesson can easily follow the question: “What newspaper do you take 
at home?”’ Counts are made, the results tabulated in rows and columns, and as 
a lead to the next lesson the teacher can arrange for members of the class to extend 
their enquiry to the whole of the school. Halfway through the next period pairs 
of investigators return from their visits to other classes where they have themselves 
recorded, by counting to a show of hands, the frequencies of the different papers 
at home. More extensive tables of comparison are drawn up with these figures 
and the results discussed: 


Which is the most popular paper? Most unpopular? 

Does this coincide, do you think, with the results of a larger survey? 

Does this coincide, for example. with the experience of any newspaper delivery 
boys in class? 

Are there any interesting discoveries to be made from our tables? 

Should we change our numbers into percentages for comparison? 

Can we make a block graph, bar graph, circle graph of the results and what 
can we learn from these? 


Work on these lines complete, for the moment, this aspect. 


With all these newspapers being used in our homes, can we understand them 
properly without some understanding of mathematics? Let each child have a news- 
paper and, in class, search for examples. Figures are legion, of course, whether 
it be in the price of the paper, the millions of national finance or the many other 
instances, but there is much more: percentages, averages, shapes. Every newspaper 
is a text book of mathematical symbols, problems and exercises. Let us underline 
or cut out all examples we find or, perhaps, take a few, explain them verbally 
or in written form in a book or file set aside specially for our “research”. Also 
the length and breadth of a sheet can be measured and its area worked out. The 
thickness of one page can be found, using a micrometer gauge, and the volume 
calculated. (Probably quite a surprising figure when compared with the area!) We 
soon begin to see that mathematics cannot be escaped, that it is part of our life, 
to be recognised and dealt with. 


“Why do we have different papers?”’ asks the teacher. All these lessons are most 
fruitful if as much discussion as possible and all facts come from the pupils. “How 
do you know there are more pictures in your paper?” After tentative, roughly 
quantitative reasons are given the class can be steered to see that comparison of 
areas of different matter can be made by measuring inches of column space. Each 
paper is taken, therefore, all columns being extended in pencil across pictures, 
etc., to facilitate measurement and the length of each column is standardised 
throughout one newspaper and measured. Between twelve and fifteen groups of 
matter are finally decided upon as well as the degree of accuracy of the measure- 
ment to be done by the class—lengths to the nearest quarter-inch are usually 
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acceptable and are certainly accurate enough for the purpose. Each pupil then 
goes ahead and after a time produces a table per page like the following: 


Page | Column 

Type of matter l 2 3 4 5 6 Total 
A News ... Fe. aa 18 18 13 8 6 6 69 
B_ Adverts + = l 7 7 15 
C Sport La a 6 5 11 
D_ Editorial Ly. a 7 7 
E Birth, deaths, etc. 2 2 
F Weather a ~ 4 4 l 2 
G Pictures R ye l I 3 3 14 94 
H Cartoons ¥. 
J Entertainment ox 5 5 
K Business a = 44 44 
L_ Articles mi pees 
M_ The rest sad * 2 3 4 | 4 7 


22 22 22 22 22 22 132 


Many will ask questions such as: “Is this news or articles?’ ‘““Where should 
this go?”’ Here it is important that the class agrees on grouping involving large 
measurements; if only an inch or two per page is queried however the pupil himself 
should decide and remain consistent thereafter with his own decision. Discussion 
of the exact meaning of the group-titles will have to precede the measuring, too, 
or some children will hastily include cinema advertisements under ‘“‘entertainment’’. 


Each column must total the same, every page total must be, and will be, 
checked before proceeding, though if there is a small error in the page-total one 
of the large measurements can be adjusted to get the total correct. This is far more 
sensible than spending hours looking for exactness in an experiment which cannot 
be exact anyway. 

Finally each pupi! will have a summary table for his chosen newspaper, show- 
ing the paper-totals for each of the matter-groupings. To compare these with those 
of other papers, the need for percentages is obvious, and in the working of these 
the repetition of a multiplying factor should be appreciated and used. For example, 
if part of the final summary is as follows: 


Complete newspaper 


News .. oy) pat Hi 1,158 inches 
Adverts. ' 13 iu. 3.834 inches 
Sport ... nat BY ui 201 inches, etc. 
Total ? pal ies 6,336 inches 
To convert to percentages we have: 
1158 3834 201 
News 6336 x 100, Adverts 6336 x 100, Sport 6336 x 100, 
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It is easier, however, to write ae as 0158 and multiply by 1158, 3834, 201, 


using sensible approximations to get integral percentages. 

This done for each individual research, all tables are pooled and a final table 
is drawn up by each pupil comparing percentage grouping for all the newspapers 
considered. Interesting discussions should follow from consideration of the facts 
and trends apparent from these statistics. Questions like this can be answered: — 


1. Which paper would you take for sporting news? 

2. Why is there so much advertising? 

3. Which paper gives most international news? 

4. Which paper would you expect a business man to take? A teacher? A 
housewife? Someone who can’t read very well? 


Graphs can be drawn, as before, to show striking comparisons more clearly. 


To summarise, what valuable work has been covered? Each pupil has taken 
hundreds of measurements, worked as many calculations in the four basic rules, 
drawn graphs, made up and copied tables neatly; difficult percentage sums have 
been tackled, all with a realistic sense of approximation and sensible checking. And 
all the time there has been a purpose apparent to provide the necessary initiative. 
If the teacher can so handle the discussions that the pupils do choose much for 
themselves, they will have an experience in the Mathematics lesson which will be 
rewarding, real and long remembered. 





DOMINOES AGAIN 


A correspondent draws attention to a very beautiful solution of the Domino 
Problem in our last issue which is given by L. De‘ahodde in No. 33 of Le Facteur X. 
If a set of dominoes is to be arranged in a closed ring it is easy to fit in the double 
numbers, so it only remains to consider the remaining dominoes. If the set runs 
from double-nought to double-six the 21 dominoes with different numbers can 
be represented as the sides and diagonals of a heptagon with the vertices labelled 
0-6. The domino 2-5 (say) is represented by the line joining the points 2, 5. 


The dominoes can be arranged in a closed ring if the diagram can be drawn 
in one continuous stroke of the pencil. The theory of the unicursal description of 
figures is well known; it goes back to Euler and can be found in books of mathe- 
matical essays such as those by Rouse Ball and Bakst. Six lines depart from each 
vertex of this figure and there are no points at all at which an odd number of 
lines meet. Hence the figure can be described unicursally and the domino problem 
= be solved. A similar argument applies when the dominoes go up to double-n 

n is even. 


Last issue’s problem was therefore very easy, so shall we ask how marty 
different arrangements in a ring are possible? 
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DYNAMIC GEOMETRY 
A. G. SILLITTO 


In his article, Wanted, Geometry, Dead or Alive, in Mathematics Teaching 
for November 1956, Ian Harris illustrated an approach to geometry which is 
unusual, but important for a number of reasons. In the first place it is in line with 
the current trend in mathematics to give primacy to operations (here rotations and 
translations). Secondly, it seems sound psychologically to base geometrical thinking 
on physical operations or overt actions which are first performed and will later be 
“interiorised”’. And thirdly, at the level of mere expediency, when traditional 
geometry is being crowded out of the time-table, it is clearly worth while for 
teachers to study closely an approach which, by providing a unifying structure 
for our own and our pupils’ thinking, might conceivably improve it in speed and 
power and flexibility (“the number of new facts discovered,” wiote Harris, “‘is often 
overwhelming’’). 


Mr. Harris confined his remarks to “the motions of translation and rotation’’. 
No doubt he uses also the reflection in a line, and perhaps completes the picture by 
including at a later stage homothety (though not necessarily using the word). In 
connection with this last, it is obviously helpful to discuss the configuration, in 
which a line is drawn parallel to the base of a triangle, in terms of the expansion 
or contraction of one triangle into another. And when the triangles are less 
conveniently disposed, e.g., in the “secant tangent’’ figure, or the right-angled 
triangle with attitude drawn, it does help the analysis of the given figure, and 
increase the power of analysis of other figures, to discuss it in terms of a reflection 
and/or a rotation followed by a homothety. Practice, of course, is necessary, but 
the practice engenders power. 


Experience of rotations and reflections greatly assists in the appreciation of the 
symmetries of geometrical configurations, and of portions thereof. Too many of 
our pupils know the “side and angle” facts about isosceles and equilateral triangles, 
squares, rhombuses, rectangles, parallelograms, etc., without becoming aware of 
the significant transformations of these figures into themselves (e.g., the various 
reflections and rotations whereby the four right-angled triangles into which its 
diagonals divide a rectangle can be brought into coincidence in pairs, and the 
consequent equality of various lines and angles in the figure). Squares should 
suggest (among other things) rotations through a right angle—and the discovery, 
in the usual Pythagorean figure, of two congruent triangles is immediate (with, 
for good measure, the corollary that the long side of these triangles must be at 
right angles). Consider also the following deduction from the Lower Geometry 
Paper in the 1956 Scottish Leaving Certificate examination: “ABCD is a square, 
and E any point on BC. DE produced meets AB produced at F. The 
perpendicular to DF through D meets BC produced at G and BA produced at 
H. ... “Note again that rotation about D through a right angle discloses at 
once the congruence of three pairs of triangles, HAD and ECD, DAF and 
DCG, and hence HDF and EDG; yet the enunciation continued: ‘“‘Prove that 
(i) DBFG is cyclic; (ii) triangle GDF is isosceles; (iii) GE and FH are equal.” 
One can only assume that this circuitous route to reach conclusion (iii) was suggested 
in order to make the problem more difficult! In the same way equilateral triangles 
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should suggest rotations through 60 degrees. For example there is a familiar 
problem, which appeared in a Jeffery Report Specimen Paper, in which two such 
triangles ABC and APQ are placed with P on AC and AQ parallel to BC; to 
prove BP=CQ. Rotation about A discloses at once the equality—and the mutual 
inclination—of these lines. Most of the demonstrations of Pythagoras’s Theorem 
(see for example an Appendix to the Mathematical Association’s Second Report 
on Geometry) depend on similar structural considerations, from Perigal’s, where 
translation is the main theme, to Leonardo da Vinci's, where reflection and 
rotation are the keys. 


In all this | am arguing, at perhaps a rather low pedagogical or educational 
level, that the kind of geometry teaching Mr. Harris is advocating is likely to 
increase pupil's ability to solve problems of the kind which examiners are apt to 
put before them. I think that this is so, and probably is so just because it approaches 
the subject in terms of basic operations and basic structures. But it is necessary 
to face up to certain difficulties. 


Mr. Harris noted that one of the drawbacks to an introduction to geometry 
via the manipulation of geometrical instruments is that there is “difficulty over the 
necessity for a proof’. Now this difficulty arises in any experimental or intuitive 
approach, and in Mr. Harris’s course too there must be trouble about “‘what 
follows from what.’’ He described a most fruitful discussion leading from the 
translation of a line, through “a figure with opposite sides and angles equal, 
obtained by translating each of two straight lines,” to a configuration which yielded, 
among other things, the mid-point theorem and (for later use) a starting-point for 
an introduction to congruence. We may be permitted to wonder whether the pupils, 
later on, will all see “the necessity for proofs,” based on congruence, of all these 
now familiar properties! But of course there is no insuperable difficulty here, and 
indeed there is important teaching to be done in connection with the construction 
of a valid chain of reasoning. 


A more serious difficulty is likely to be found in the uncertainty which the 
teacher may experience, over just what “‘operations’’ on what ‘‘elements’” he may 
entertain at any given stage. In what sense does the “translation of a line” give 
“parallels”? In what sense is a “figure obtained” “by translating each of two 
straight lines’? I think the teacher can insure against confusion in his own and his 
pupils’ thinking in two ways. First, if he is basing an argument on an “operation,” 
the physical counterpart of that operation must be performed in the class-room, and 
the implications of this requirement accepted. (For example, if we require the 
“translation of a line,” we must be prepared to set one side of a card board 
triangle along the given line, and slide the triangle along a ruler placed against 
another side; and we must also be ready for the young thinker who asks if it would 
have made any difference if the triangle had been a different shape. I should find 
the discussion of Mr. Harris’ Fig. 3 more satisfying if we had started with the 
parallelogram ABB'A’ — in cardboard or on tracing-paper—and by actually dis- 
placing this—by sliding it along a ruler—had built up the whole configuration). 
Second, the teacher would be well advised to acquaint himself with the manner in 
which Euclidean geometry can be rigorously developed, in a quite abstract and 
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theoretical way, in terms of translations, rotations, etc.; these “‘operations” being 
defined abstractly, without any appeal to intuitive spatial ideas. At present we 
teach a simplified version of the Elements of Euclid. For fifty years and more 
mathematicians from Poincaré onwards have been exhorting us to base our teaching 
on ideas of movements in space, but without writing an “Elements” to guide our 
footsteps. For those who want to try out Mr. Harris’s ideas I earnestly recommend 
a study of Robert Brisac’s Exposé Elémentaire des Principes de la Géométrie 
Euclidienne (Gauthier-Villars, 1955). This little book of 70 pages—closely reasoned, 
highly abstract, without diagrams—is as far as I know the first to provide us with 
the theoretical background to Geometry from this point of view. With this behind 
us, we can begin to undertake the responsible task (which was no part of Brisac’s 
aim, of course) of re-constructing school geometry. 





CORRESPONDENCE 


Dear Sir, 

| was interested to read Mrs. Fyfe’s article entitled Operational Algebra. | 
have been developing a similar kind of course for some five or six years now and it 
is good to hear that other consistent work is being carried out. 

Much as | am in agreement with the method described, | wish to distinguish the 
implication carried by the sentence “*. . . . although in fact the equations are much 
more complicated than those of the textbooks.” 

1 would say that when my pupils are solving at this stage (second term in Gram- 
mar School) such equations as 


3 9 
4 a &. +18 |-14 
' i Ji. =10 





7 (i) 
the mental process carried out cannot be compared in complexity with the pro- 
cesses which would have to be carried out if they tried 
5(2x + 3) 2x 5) 73 (ii) 

Thus although from a more sophisticated standpoint equation (ii) is in fact con- 
sidered simpler, the distinguishing point is that the menta! operations used for the 
former can be more straightforward at this stage. 

The point of Mrs. Fyfe’s lesson that must be brought out is that it uses and 
does not alter the unidirectional concept involved in that kind of equality statement 
which the child has already used in ordinary arithmetical calculations. Thus 

? +7 13 
is such a one asking the question: “‘What is added to seven to make thirteen?” 

Thus we have an essential link between the child’s experiences with number 
in arithmetical processes and his future activity in solving general equations. The 
process is still unidirectional and does not in itself lead to the concept of reversibility. 
This latter must exist in a correctly conceptualised equation system. The lesson 
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hence forms an essential early stage in this special sense. 

We should be ready in a junior mathematics course to allow quite formal state- 
ments to have this sort of limited meaning in order to expand at a later stage. A 
great number of our difficulties arise from the urgent demand for the child to “do 
equations” and “know formulae” as soon as he is introduced to x. A lot more diffi- 
culties arise when having achieved a limited understanding in the child with one 
symbolism the teacher slides unwittingly into using the symbolism in a totally dif- 
ferent, though mathematically justified, manner. This is particularly bad where the 
signs + and are concerned. 


Returning to the equations (i) and (ii), our child, led by the method described 
to understand the notions involved in this particular symbolism, can “‘unwrap” 
equation (i) using inverse operations and arrive at his value for x. Thus: 

10 x 7) + 14) + 4) — 18) x 11) -— 9) + 4) + 3) = 9. 

But it is still unidirectional and this is reflected in the child’s understanding or 

mental structure. 


I suggest as an experiment that when this method has been used to enable the 
children to deal successfully with such unidirectional statements as equation (i), 
or simpler ones such as 

4x + 5 


2= 1 
7 
or Sx + 8 = 23, 
without comment, the same group should be asked to find x when, for example, 
37 = 7x + 9. 


There is good reason to suppose that unless reversibility has been taught a cer- 
tain proportion of the children will be puzzied. Some will admit defeat while others 
will adopt varying procedures, of which one will be to reverse the equation in order 
to carry out the inverse operations. 


Equation (ii) demonstrates other difficulties at the same stage. Instead of a 
single sequence of operations in (i) there is a double sequence connected in com- 
bination in (ii). Other operational teaching techniques are needed to deal with this 
situation and once more it is seen how the adult sign system is inadequate to dis- 
tinguish between the different developmental stages in acquiring the complete 
concepts. 

At every turn the relation which exists between a Mathematical structure and 
the mental structure created in the mind of the child is the ultimate arbiter of our 
teaching method. 

Yours faithfully, 
W. M. BROOKES 
Maghull Grammar School, Nr. Liverpool. 


Dear Sir, 

Dr. Gattegno’s article from the U.S.A. suggests great possibilities and points 
to a way for American-British co-operation for many more of us. 

It is true that there exists over there an enormous machinery of organisation 
in education with money, interest and energy to support it. I have two of the 





teachers’ manuals from the Urbana project and to the English mind they appear 
stupendous works, completed by dozens of teachers giving of their time, money 
and experience. Each manual! is some three inches thick, individual contributions 
of the teachers being continuously duplicated, circulated and interlocked in the 
file at the appropriate place. Thus, gradually, the combined classroom experiences 
of ordinary teachers are being openly recognised as valuable and perpetuated so 
that many can benefit and the profession do its job a little better. 


We in this respect seem a long way behind. We muddle along, transport to 
meetings is difficult, the tradition to share our successes and failures is weak; we 
haven’t the faith in our public education system as have our American colleagues. 
But their vast machinery is indeed idling, and as far as I could see in a year of 
teaching in a High School in Michigan, little real light is being shed on the solving 
of mathematics teaching problems. It is still a matter of great concern, for instance, 
that the arithmetic standards of college entrants is deplorably low, and bears little 
relationship to the vast build-up which has preceded in the schools. 


Both aspects, organisational and inspirational, are vital. We in the A.T.A.M. 
believe that ideas are beginning to rise in England. If this is so we must organise 
them and we cannot wait for others to do it. Neither can we blame them for 
ignoring us if we hide our lights under bushels of timidity and self-consciousness. 


Some teachers in the North and in Bristol are already meeting regulariy to 
learn from each other how to improve their mathematics teaching. More of this 
kind of co-operation is vital. Perhaps, too, we may be able to work with our 
American counterparts, they contributing their flair for organisation, we some 
ideas. 

Yours, etc., 

JOHN V. TRIVETT 
Hengrove County Secondary School, 
Bristol. 


COMPUTING AND PROGRAMMING IN SCHOOLS 
Dear Sir, 

Mathematics in the schools is not keeping abreast of the time. In the Gram- 
mar school mathematics is taught with the General Certificate of Education at 
Ordinary, Advanced and Scholarship Levels (Pure and Applied Mathematics) as 
the main aims. The Technical schools have similar aims but include courses of 
Engineering Drawing, Surveying and the like. The Modern school seems to have 
lost its way as regards mathematics and instead of developing in new and exciting 
ways, is tending to demand the General Certificate of Education as its aim too. 

This is an attempt to try to state the case as generally as possible and there 
are, of course, notable exceptions. In other words, mathematics is geared to and 
impeded by the University Syllabuses, many of which have been essentially the 
same for many years and appear to be remaining so for many years to come. 

Today we are living in what has often been referred to as the second industrial 
revolution—the age of automation. Vast changes are spreading through industry 
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and commerce and soon will be affecting our everyday life, yet there has been no 
significant change in the mathematics being taught in schools in spite of the very 
important fact that those we are now teaching will be the research workers, execu- 
tives, business men and workers of tomorrow. In fact, are we equipping the coming 
generation adequately in mathematics? The suggestion is not that there should be 
any radical change in the content of the syllabus for the present, but for recogni- 
tion of the impending change and the development of a new trend in mathematics 
to meet this challenge. 


Computing and numerical methods, like so many other branches of mathema- 
tics, which started with a merely utilitarian role, have achieved importance in their 
own rights. They have led to the solution of many problems hitherto unsolved and 
are revealing a wide range of new and interesting techniques and discoveries. 

The schools are not entirely to blame for their lack of progress in this sphere. 
lt has long been the experience that effective reforms come as ideas from the 
Universities which are modified and elaborated in the schools. Neither of these 
aspects is now apparent and if this situation is allowed to continue the greater will 
be the rift between the attitudes and methods of the student towards old and new 
mathematics. 

These attitudes and methods are the quick, neat, exact solution involving 
difficult concepts—the old; and the long, repetitive solution (often approximate) 
involving simple concepts—the new. The first is adapted to the human brain, while 
the second is adapted to the so-called electronic brain, the power and speed of 
which makes it capable of the far reaching and otherwise unattainable accomplish- 
ments already indicated. 


An analysis of the use of mathematics for a random sample of adults showed 
that over 75% of all mathematics used was mental arithmetical computation. The 
remaining 25%, non-mental mathematics, was in the main more difficult arith- 
metical computation involving calculating machines. This indicates that the stress 
should be on mental and numerical methods rather than on standard pencil and 
paper methods. Are schools aware of this and are their syllabuses weighted 
accordingly? 

Immediate needs are not so much a change of content but a change of attitude 
and method at the lower and introductory stages of mathematics and at the higher 
levels a change of both. It is important to understand that the modern has not 
come to replace the old, but that the modern is complementary to the old. 

With these thoughts in mind, an exploration into the use of a calculating 
machine in the teaching situation has begun. Preliminary results show that interest 
in the “drier realms” of arithmetic has increased and that thoughts and ideas are 
more profitably directed on the method instead of on the answer. It has been 
found, for example in compound interest, simple interest and statistics, once the 
drudge of arithmetical calculation has been alleviated, thoughts become rightly 
centred on the interpretation of the data rather than on the calculation. These 
observations are, of course, not conclusive but are encouraging and bear out the 
hypothesis that a mind having ability in mental and numerical methods is the most 
useful computational unit, and is therefore of the greatest utilitarian value. 

The importance of these new trends in mathematics demands that they should 
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be reflected in the teaching of mathematics in schools. With this in view, the usé 
and application of mental and numerical methods should be stressed and a detailed 
study continued on the value of the calculating machine in the teaching situation. 
A lot may be accomplished now, in introducing children to numerical methods, 
but the success of the venture would, of course, depend upon the availability of 
a calculating machine. Having one will not only familiarise pupils with the work- 
ings of the machine but will enable experimental work to be carried on, producing, 
as it will, further data from which its importance may be assessed. 

In this manner pupils, particularly those with a technological apiitude, may 
become aware right from the start of the possibilities of the calculating machine 
and help them to incorporate it into their mode of thought. As with all new things, 
there will be those who operate the machines, those who programme them and 
those who design them, in fact something for most levels of attainment in a new 
and interesting field of mathematics. 


For one term experiments were carried out with a desk calculator (digital) for 
the loan of which thanks must be given to the Brunsviga Sales Company Ltd., with 
special thanks to Mr. F. D. Brown for his help and co-operation. As this generous 
loan could not last indefinitely, obtaining a machine or machines for the purposes 
outlined was essential. Requests to the Local Education Authority have gone 
unheeded and regretfully the experiment has had to be abandoned. Having since 
read the proceedings of the “Oxford Mathematical Conference” (April, 1957), I 
feel very, very strongly that experiments on the use of calculating machines in 
schools should continue. I should be pleased to hear from other teachers who are 
carrying out or contemplating such experiments. 


Yours, etc., 
IAN HARRIS 
Grammar School, Dartford. Kent 





CROSS FIGURE PUZZLE 
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Complete the cross-figure finding integral values for x, y and z. 


Solution on page 52. 
IAN HARRIS. 











OVERSEAS REVIEW 


A good deal of experiment in the field of Teaching Aids is being carried out 
by the Société Belge de Professeurs de Mathématiques and many interesting articles 
on this work are to be found in a publication by them under the heading Models 
in Mathematics Teaching. Here are two ideas from this work. 


A simple aid which should be very effective is the Algébloc of Mr. E. Van 
Lierde. This consists of coloured material “‘planches en couleurs” in several 
categories: squares representing areas a and b, rectangles ax! bx! representing a 
— b, and unit squares. The trinomial 2x* + 5x +3 for example can be represented 
thus: 
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and one sees at once that it has factors (x + 1) (2x + 3). 

Any trinomial which can be made up into a rectangle can therefore be 
factorised. 

By introducing categories a*, b* Mr. Van Lierde claims to be able to deal 
with expressions of the third degree. It is not so obvious how this is to be done 
and experiments with the actual material will be necessary to find a suitable 
technique. The advantage of the material would seem to be its cheapness, as it 
could be made of cardboard and each member of a class could have his or her 
own set. This looks like a very good learning aid. 


A small cardboard and plastic model from which can be read off the values 
of all six trigonometrical functions for angles 0 to 360° is described by Mr. 
W. Servais. 

On a square of side 12 cm a circle centre O radius 3 cm is drawn. Axes OA, 
OB and the tangents at A and B are drawn. A strip of transparent plastic 1 cm 
wide 12cm long is fixed to the square by a pivot at O. The central axis of this 
strip is marked in indian ink. If the radius of the circle is taken as | unit, tangents 
of angles can be read off on AT cotangents on BU, AT and BU being suitably 
graduated. 

At point M on the strip, OM being 3 cm, is fixed by its centre a square of 
transparent plastic of side 5cm. When this square is set with its diagonals parallel 
to the axes the sine of angle OAM may be read on OB, the cosine on OA. 
The usual sign convention is observed. When this square is set with one diagonal 
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tangent to the circle at M the secant and cosecant of angle OAM can be read off 
at the points where the tangent diagonal cuts OA and OB respectively. 

This is another cheap model which can be made easily by every pupil. It 
is suggested that the background be a cardboard square on which millimetre graph 
paper is pasted and that the moving parts be made of plexiglass. 

R. D. KNIGHT. 





EASTER IN SPAIN 


The foreigner in Madrid at Easter, visiting the city for the first time, finds it 
all confusing. The train journey from the frontier passes through mountains, over 
sun-drenched plains and stony deserts with villages that have changed little since 
the Middle Ages; but the coaches are air-conditioned and furnished like a modern 
aircraft, and one travels in remarkable luxury at an astonishingly slow speed. 
Arriving in the city one finds parades of penitents in hooded medieval costume 
and taxicabs costing little more than a London bus. In this setting last Easter 
mathematicians from more than twenty nations were gathered for the Eleventh 
Meeting of the International Commission for the Study and Improvement of the 
Teaching of Mathematics. For a week we were busy from morning to night each 
day, talking mathematics even when walking through the streets of Toledo, between 
seeing Goya and Velasquez in the Prado, and at the cafés in the Plaza del Angel. 
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The conference was held at the Instituto San Isidro; in its time a monastery 
and a convent and now a secondary school. It carries its history with it still, and 
seen before the boys returned from vacation the atmosphere suggested an Oxford 
college far more than an English school. At the opening session Professor Puig 
Adam, one of the leading figures of the International Commission and also a master 
at San Isidro, spoke on Mathematics and the Concrete. He confessed not to know 
precisely what “the concrete’’ was- --still less “*mathematics’”—but he spoke rather of 
mathematical activity. Teachers of mathematics could easily adopt a point of view 
which was too exclusive, aiming too soon at abstraction and forgetting the real 
world. For most of our pupils mathematics will never be an end in itself but an 
instrument and a means of handling their future problems. Logic is only an inter- 
mediary phase in the solution of the quantitative problems of natural philosophy, 
it is certainly an essential one but it should be preceded by a phase of classifica- 
tion and abstraction and followed by another phase of concretion or projection 
afresh on to the real world. 


Traditional instruction often neglected these most important preceding and 
succeeding phases. Logical abstraction can only be based on a firm familiarity 
with the visible world. In the process of mathematical abstraction symbols play 
a decisive role and make progress possible, but we must not ignore the beginning 
and end of the process. The physical world and our social environment suggest 
new abstract notions which the mathematician elaborates in his own way, and 
afterwards these abstract creations achieve new and unsuspected applications. 


In this process the role of the mathematical model and other physical material 
is fundamental. A mathematician of abstract turn of mind might regard it merely 
as a collection of simple concrete illustrations, suitable merely to give a momentary 
assistance on a point that is imperfectly understood, but seen in proper perspective 
this material is far more. It not merely gives an occasional interpretation of 
mathematical ideas, it suggests these ideas and is the origin of fresh ones. But 
models must play an active part; the old-fashioned showcase model intended only 
for passive contemplation must give place to multivalent material which can be 
manipulated by the pupils and which stimulates them to make models themselves 
to pass on their own abstract ideas to their fellows. 


Professor Puig Adam practises what he preaches. The teaching material which 
he displayed at the exhibition in the course of the week presented his ideas in a 
form which, being independent of language, was all the more forceful and impres- 
sive to an international audience, and his address set the mood of the conference. 
Formal lectures were cut to a minimum and the emphasis was on practical demon- 
strations and workshop collaboration. Many of those present had contributed 
articles to a book which it had been the intention to publish in time for the con- 
ference, but unfortunately it was delayed and (at the time of writing) it is still not 
available. This was the only flaw in the otherwise excellent organisation. 


The fifty or so foreign visitors, together with more than a hundred Spaniards, 
split into a number of practical. workshop groups and met for two or three hours 
each day. The groups were concerned with models, filmstrips and films. So much 
was happening that it was not possible to see all that went on, but the activities 
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of the film group will indicate the general pattern. This group consisted of between 
twenty and thirty people from ten different countries who were concerned with 
teaching pupils from the age of ten years upwards. The group was under the 
guidance of Fletcher and Harris from England. It is not possible to shoot an 
animated film of any length in one week and in any case complicated equipment 
is necessary, so no shooting was attempted, but apart from this the work of the 
seminar was entirely practical. Working in groups the members prepared schemes 
and discussed and carried out the work of detailed design necessary to produce 
a mathematical film. They saw how apparently good ideas may not be practical 
propositions because of technical difficulties, and they learnt how other ideas 
may be re-shaped and displayed in a way more suitable to the medium. The 
different groups prepared detailed drawings and working scripts and, most impor- 
tant, saw something of the way in which the drawn material may react on the 
script as the design proceeds and of itself suggest further mathematical questions. 
(An unconscious application of the principles of Puig Adam’s opening address.) 


At the last two meetings of the film seminar the group was delighted to wel- 
come Monsieur Nicolet, from Switzerland, whose work on mathematical teaching 
films is world famous. The film presents many unexpected difficulties to teachers 
whose ways of thought are already fully formed; Nicolet brought with him many of 
the film scripts written by his own pupils in Lausanne, and the firm grasp which these 
boys showed of the medium was quite remarkable, especially when it was com- 
pared with some of the work of mature and experienced teachers who were 
attempting the task for the first time. Rather foolishly I had taken no scripts to 
Spain with me to serve as examples, and it needed the Swiss schoolboys’ examples 
to show some of the teachers what it was I was wanting them to do! 

As a result of this seminar it is likely that teachers’ production groups may 
start elsewhere in Europe and this is most encouraging. But it was remarkable 
that such a talented and experienced group could produce few recommendations 
that commanded any general assent for the use of live-action in mathematics teach- 
ing films, and no notably new suggestions for the use of colour. 


Films were shown to plenary sessions of the conference but there was little 
that has not already been widely shown in England. There was, however, an 
interesting demonstration film showing amateur live-action shots of some of the 
work of Professor Pauls in Germany. A few very simple pieces of equipment such 
as rubber suction pads, string and linked rods enable a great variety of geometrical 
constructions to be done very effectively by members of the class working at the 
blackboard. 


Monsieur W. Servais of Belgium spoke on the use of models in teaching and 
at just the right moment produced an elastic band version of the familiar string 
model which can be a cylinder, cone or hyperboloid according to the twist on the 
strings. This very simple device suggested the theorem that hyperboloids of equal 
cross-section and between the same parallel planes are equal in volume—and most 
of us are left still trying to prove it. The same benign good-humour was evident 
in the demonstration lesson which Servais gave later to a Sixth Form of boys 
from the French Institute in Madrid on The Geometry of the Sun. (This was the 
geometry of parallel projection.) The beginning of the lesson promised little. None 
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of the boys could state correctly the shape of the shadow of a rectangular window 
when the sun was shining. The sun was not shining at the time and so the class 
had to split into groups to experiment with model windows made of cardboard. 
Gradually the correct ideas emerged, but much more slowly than one would have 
expected. The boys’ observation in the past had been very bad and a formal lesson 
assuming a reasonable amount of practical experience would have been building 
on sand. But eventually the class was ready for an abstract discussion—and none 
too soon because the debonair legerdemain of Monsieur Servais had by this time 
demolished the apparatus entirely and reduced it to tattered strips. But his wily 
showmanship was directed by a mathematical aim; from the practical experiments 
he drew the ideas of invariants under a transformation and the lesson ended with 
a delightful intuitive proof that all parallelograms circumscribed to a given ellipse 
have the same area. The proof of this was entirely by “mental geometry” and this 
alone should convince sceptics of the value of these methods of instruction even 
at the comparatively advanced level of the Sixth Form. 


We saw other demonstration lessons conducted in Italian and Spanish. Miss 
Castelnuovo did some geometry with a class of ten-year-olds. Introducing the 
lesson she said that with her own classes in Rome she speaks little, but with 4 
class which she had not met before she would have to proceed differently. After 
putting the children at their ease with conversation she hypnotised them with two 
simple pieces of apparatus. The first presented an isosceles triangle of elastic 
whose base was fixed but whose equal sides could be varied by pulling on a string. 
The children had to describe the changes which took place in their own words. 
Miss Castelnuovo took special pains to discuss the limiting case when the vertex 
tends to infinity, and (a very important point) she was fully prepared for the elastic 
to break and she knew exactly what she was going to do when it did. 


The second half of the lesson was based on a piece of string. This formed 
a variable rectangle, and it was a matter of great surprise to the children that the 
area varied when it was so obvious that the perimeter was constant. This part of 
the lesson was subjected to lively criticism in the discussion which followed, but 
demonstration lessons are conducted in highly exceptional conditions and they 
cannot be expected to give much more than a suggestion of the teacher’s normal 
practice; their main function must be to raise issues and provoke discussion. 
Measured by these standards Miss Castelnuovo’s lesson was highly successful. 


Monsieur Galli (of Uruguay), who followed, presented a personality and a 
style of teaching in marked contrast. He started by posing questions about angles 
on the face of a watch. The methods were quite conventional, but the same could 
hardly be said about the end of the lesson. 


Here the apparatus consisted of three chairs, one behind the other, and five 
dunces’ caps, three yellow and two red. Three volunteers were sat on the chairs 
and three dunces’ caps were placed on their heads in such a way that no one 
could see the colour of the hat which he was wearing, but the back boy could 
see the two hats in front and the middle boy could see the one hat in 
front of him. Different combinations of colours were used and the 
back boy was the first to be asked if he could decide his own colour. His 
answer was heard by the middle boy, who then had to try to decide his colour, 
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Finally the first boy had to try to deduce his colour, having heard the two previous 
answers. This is essentially the famous problem of the prisoners, but ordering 
the victims in this way converts the question to one of pure logic. The class 
responded with a will. Many teachers would describe the result as “uproar”, but 
there certainly was enthusiasm, and those who think that boys will not respond 
to problems of pure logic must think again. Underlying the clever showmanship 
were important fundamentals. After the easy informality of the classroom sunt 
the boys would have been set the task, as homework, of enumerating all the 
arrangements of hats which could have been used and the inferences which cou!d 
have been legitimately made. This is a first rate exercise on logical thinking and 
is to be warmly recommended. There is far more to logic than formal geometry. 

On Wednesday we visited the Academy of Sciences for a lecture by Professor 
Choquet (of the Sorbonne) on The Modern Theory of Potential. it was a masier- 
piece of exposition and convinced one that modern theories of measure and 
Lebesgue integration can, on occasion, correspond more closely to physical reality 
than the familiar Riemann integral. The lecture was enlivened by the presence of 
a uniformed official with the special duty of cleaning the blackboard, and the by- 
play between lecturer and commissionaire (who had no language in common) will 
long remain a delicious memory of the heights to which wordless comedy can rise. 

On Thursday we relaxed a little, we went by coach to Toledo and enjoyed 
a civic reception, but on Friday we were back to a full day’s work again and wit- 
nessed demonstration lessons conducted by Dr. Gattegno and Professor Puig 
Adam. Dr. Gattegno took a class of ten little boys aged between nine and ten 
and dressed in white overalls which looked like night-shirts. His lesson showed 
the introduction of the Cuisenaire briquettes to pupils who had not seen them 
before and their use in the early teaching of fractions. 


Puig Adam had a class of older boys and he started by writing on the board 
Nee ae BE This could easily have become an ordinary lesson on arithmetic 
progressions, but he aimed at more. He explored side issues as they arose—the 
boys were, for example, seriously worried by the question “Is nine a multiple of 
nine?’ with the result that the important questions of mathematical definition had 
to be discussed—and he continually bore in mind the structure of contemporary 
mathematics. He was interested in far more than just proving the elementary 
formulae on arithmetic progressions; he iniroduced the fundamental notions of 
number rings and residue classes, without going in any way beyond the capabilities 
of the boys or using advanced terminology. He used number games and puzzles to 
present a challenge, and, having a class who were prepared to be passive, if they 
did not present a challenge he moved on until he found something else that did. 
Only when an explanation was requested did he condescend to go into the under- 
lying theory. 


The final summing up on Saturday was honoured by the presence of the 
Director General of Secondary Education and took place in the music room of the 
Instituto Ramiro de Maetzu. This Institute is a most impressive educational unit 
combining all levels of instruction up to a Technical College. The furnishings and 
decor are modern and in excellent taste, and the facilities are lavish, including a 
delightful mathematics room with mural paintings illustrating the history of the 
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subject and a large collection of models. We cannot show anything quite the same 
in England, and it will be interesting to see if the present trend to large educational 
units produces anything like it. 

In this report I have only attempted to describe the more formal aspects of 
the Conference, but in some ways this can only give a false impression as through- 
out the week one gained so much from informal discussion with the people one 
met. Their enthusiasm was infectious and having common cause with them made 
teaching seem so very worth while. As we flew north over the Sierra da Guadar- 
rama and Madrid receded slowly behind us we knew that we had a wealth of 
memories that would inspire us for years. We had made many friends, we had 
seen mathematics taught in many languages, and we had learnt that sherry is in- 
complete without peanuts and fried octopus. 

rJ.P. 





THE MODEL EXHIBITION IN MADRID 


The situation, an upper cloister around a square courtyard, suggested that 
this was no ordinary exhibition of aids for the teaching of mathematics, especially 
as the most prominent exhibit was a huge dodecahedron, probably the largest 
in the world! 


This mighty dodecahedron, suspended above the centre of the courtyard, was 
the work of a group of pupils from the San Isidro and was constructed by the aid 
of a scale model of the courtyard and its surroundings, which was also shown. 
The dodecahedron symbolised the grand quality of the exhibition and the great 
camaraderie of the exhibitors. 


Flags separated the exhibits of the various countries; the main contributions 
being from Spain, France, Belgium, Italy, Germany and Britain. The abundance 
of material, most of which was new to me, and the limited time at my disposal, 
only enables me unfortunately to give a general impression high-lighted by a few 
items that particularly interested me. 

Two words summarise the exhibition, Movement and Multivalency. Too many 
displays of mathematical material only contain plane and solid models for geometry 
and examples of algebraic identities using area, out-weighed by working models 
involving principles in applied mathematics. How refreshing it was to find that 
models in pure mathematics could also be dynamic and illustrate and suggest many 
ideas! 

The host, Spain, made extremely good use of common materials; press studs, 
empty penicillin bottles and metal bottle tops—the latter for explaining the game 
Cha Cha (Solitaire) and the theory of groups. Details of many of these exhibits 
are in the book Didactica Mathematica Euristica by P. Puig Adam reviewed on 
page 51. Sets of coloured plastic slotted rods for the rapid construction of 
dynamic and static models and a compass that drew ellipses originated by Juan 
Fernandez y Fernandez deserve special mention. The use of the Cuisenaire rods 
and Geo-boards was evident, the notions of the Geo-boards being extended to 
three dimensions—Geo-cubes. The Spanish contribution left me examining every- 
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thing from door knobs to mantillas for their mathematical possibilities. 


Belgium was the master of movement, showing many neat wire linkages illus- 
trating translations, rotations, homographies, inversion and combinations of these 
transformations. The notice ““Manipular para comprender”’ proved true and they 
worked beautifully. Another section was devoted to electrical circuits showing 
arguments in logic. | had an irresistible urge to prove them wrong—they were not! 
Details of these exhibits may be found in the book Les Modéles dans I’ Enseigne- 
ment Mathématique reviewed on page 51. 

France displayed material where movement was again to the fore. Meccano 
linkages illustrated translation, rotation, similitude and inversion. A Geo-board 
with one row of pegs that moved, widely extended the uses of this type of appara- 
tus. Two models with the richest geometrical content and simplest construction 
were the work of A. Biguenet. Each consisted of a grooved piece of perspex 
moving over a second piece which had two small pegs inserted in it, the pegs 
sliding in the grooves. One demonstrated the arc capable of a given angle, and 
the other the curves obtained when a chord of fixed length is constrained tc move 
with its ends on a pair of intersecting straight lines. Well done, M. Biguenet! 

Italy featured a beautiful Geo-cube made of perspex and glistening with 
chromium fittings. | fancied that inside | saw pearls of wisdom. Much ingenuity 
was shown in the construction of a series of blackboards attached to which was 
apparatus enabling families of ellipses, parabolae and confocal conics to be neatly 
drawn in chalk. 

Germany concentrated on the Earth for their main exhibit and showed very 
good accurate models on latitude and longitude and the motion of the Moon. The 
growth and development of the calculating machine leading to the Curta hand 
machine showed a little of a subject that will soon become a regular part of such 
exhibitions. 

Britain’s contributions lacked applications to the modern trends in mathema- 
tics, but the methods and materials used by J. W. Peskett showed that the art of 
model making need not be confined to the experts but was within the range of all. 
F. Merry’s method of building different wave forms using straws threaded on wires 
aroused much interest. Where are the other model makers in Britain? Wake up 
and let us hear from you. 


It was very pleasing to find that this international exhibition which dealt, in 
the main, with visual material had a section for the blind. How, without sight, 
they master all branches of mathematics using their own specialised material is 
a wonderful achievement and an inspiration to us all. 


IAN HARRIS 


We wish, in this journal, to increase the reporting coverage which we give to 
events of mathematical interest—including those outside the Association as well as 
our own meetings. The Editor will be pleased to hear from any volunteer reporters. 
(Experience is not essential, and is in any case easily acquired.) 
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A.T.A.M. MEETINGS 
As reported elsewhere the following meetings have been held recently: 


May 3lst, in London; Forum for discussion on the Modern School. June Ist, in 
Cambridge: Day Conference on the Primary School. 

Also, too late to be reported in detail in this number: October 5th, in Preston; 
Teaching at the beginning of the Secondary Course.. October 12th, in Leicester; 
Day Conference on Geometry. November 8th-11th, in London; Weekend Study 
Group. Does the teaching of mathematics present a problem in the Modern 
School? 

The following meetings are arranged for the future: February 8th, in 
Worcester; Day Conference, Modern Mathematics, with demonstration lessons, 
talks and discussions on work in both primary and secondary schools. 

The ANNUAL GENERAL MEETING will be held in London early in the new year. 
Members will be circularised. 

There will be a summer conference at Cambridge, this time on the Secondary 
School on June 7th, 1958. 


A Week-end Course will be held at Redman’s Park House Hotel, North 
Promenade, Blackpoo!, from Friday evening to Sunday afternoon, 14th to 16th 
March, 1958, on Secondary School Mathematics—Content and Method. 

The week-end will consist of talks and demonstrations on selected topics by 
a panel of speakers from the Committee of the Association. There will also be a 
series of group discussions, including sessions for grammar, modern and technical 
school teachers. The inclusive charge from Friday dinner to Sunday lunch is £3 5s., 
of which a deposit of £1 is required at the time of booking. Special arrangements 
can be made for local teachers wishing to attend on a daily basis, and also for hotel 
accommodation for wives of those attending the course. Enquiries, bookings, etc., 
should be addressed to Mr. C. Birtwistle, | Meredith Street, Nelson, Lancs. 


THE LIBRARY 


Enquiries for books should be made to the Librarian, R. D. Knight, King’s 
School, Worcester. No charge is made for borrowing, but the cost of postage from 
the Library to the Borrower should be refunded when the book is returned. 

TEACHERS IN PRIMARY SCHOOLS 

The number of our members who work in Infant and in Junior schools is 
growing steadily, and we need their help urgently. 

Could the Secretary please have the names of volunteers who will work with 
the committee to organise meetings that reflect their interests? 

Also, the Editor is anxious to receive short or long articles about the work 
and problems of the teachers of these younger children. 


FUTURE WEEK-END AND DAY CONFERENCES 
Members who would like the Association to arrange a meeting in their area 
should make local enquiries and let the Secretary know what possibilities there are. 


The committee will find a team to go anywhere, and those who feel competent 
to undertake the local organisation should make themselves known. 
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THE MODERN SCHOOL 


A meeting was held at the London University Institute of Education on 
Friday, May 31st, 1957. The Meeting was called to discuss the problems in the 
teaching of mathematics in the Modern School, and to formulate questions which 
it would be fruitful to study and attempt to solve during a week-end conference 
to be held in November. 


The Chairman, Dr. C. Gattegno, made it clear in his opening remarks that 
the Association had a function, different from that of the Mathematical Association, 
of bringing together a large group of teachers, Inspectors, trainers of teachers and 
thinkers who would consider in a creative way the problems of the profession in 
the present situation. In his opinion everyone could take an active part in what 
amounted to an adventurous and new approach, the antithesis of the all too pre- 
valent attitude of waiting for someone else to provide solutions. His first suggestion 
was that the teacher should take the child into account in an imaginative way and 
expect to take a share in the learning process that was at least equal to that he 
expected from his pupils. He did not believe in the system of grading children 
according to ability; for him children are all thinkers, but with different modes of 
thought. Secondly he stressed that teachers can play a creative role in the classroom 
because of what they are, not because of what they know, and that if they 
recognised this they would lose their feeling of inferiority and cease to ask for 
advice and guidance. Inspectors had the task of posing stimulating questions and 
of acting as cross fertilisers, and from books it was possible to learn from the 
experience of others, but what was of very great importance was that each teacher 
should be constantly alert in the actual classroom situation of each lesson, and 
meet the challenges it offered. Thus could they re-evaluate their work and reconsider 
their own attitudes and techniques. 


A fruitful discussion followed, opened by Mr. G. W. Gray, Chief Inspector 
of Mathematics for the L.C.C. He agreed that each teacher must consider his 
own work carefully and not expect to find a touchstone. 


The questions raised, on the one hand, were of the difficulties to be overcome: 
of fear of trying, which contrasted sadly with the enthusiasm of infants; of the 
entry of social problems with the teaching of older pupils; of the pressure on their 
time, and the fact that not all teachers could teach. Attempts to suggest solutions 
were contributed, in how interest could be aroused and maintained by a problem 
approach, by giving opportunities for greater freedom and activity both in the 
classroom and with Clubs; that the child should be met as he is; how the trained 
mathematics teacher, where he or she existed, could give leadership to colleagues. 


The question eventually agreed by the meeting, as a focus for the discussion 
of the week-end conference was: ‘‘Why do we think that the teaching of mathe- 
matics in the Secondary Modern School does present a problem?” This had been 
put by Miss Y. B. Guiseppi of Dick Shepherd Comprehensive School. 


In summing up, Dr. Gattegno said he would like to take the opportunity to 
pose his own questions, which included what it meant for the child at his present 
age to think mathematically, how we can think clearly about the actual situation 
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of a complex person in the classroom, what of the content of what we teach makes 
a mathematician, if it is a certain growth or a training in skills. 

In conclusion he stated his belief that the existing teachers could become 
adequate to their task by mutual self-education, and that in this way they would 
be accepting their proper responsibility. 

R. M. FYFE. 


MATHEMATICS IN THE PRIMARY SCHOOL 


A Day Conference, arranged for the Association by the Cambridge Institute 
of Education, was held on Saturday, June Ist, 1957, in the lovely hall of St. Mary’s 
Convent School, Bateman Street, which was lent by kind permission of the 
Reverend Mother Superior, who also provided classes of girls for the demonstration 
lessons. 


The team was officially welcomed and the 180 teachers present were told that 
200 others had had to be refused, for lack of space. 


In opening the day’s proceedings, Miss J. Clarkson, Headmistress of Ramridge 
Infants’ School, Luton, explained that she would attempt to show some of the 
things which children of six years old could do by using Cuisenaire rods for the 
beginnings of arithmetic. She showed seriation and the ordinal sense of number, 
and followed it by the cardinal conception, indicating as she did so the ways in 
which the children became familiar with the material. The symbols for addition and 
subtraction were also shown, and children wrote these on the blackboard. 

In answer to a question, later, she also explained the method of introducing 
multiplication, division and fractions. 


A class of ten year olds were then given nine-pin geo-boards and elastic 
bands and Dr. Gattegno invited the children to play for a few minutes before he 
began his demonstration. He then showed a square and asked what it was. But 
when he turned the board through 45° and again asked for the name, it appeared 
that the figure was now a diamond. A very interesting lesson followed in which, 
by questioning alone, he attempted to get the children to clarify their ideas of 
what a square was. Without the concept of angle, they were unable to proceed. 
The dynamic possibilities of the board became clear, as the shape was altered by 
the moving aside of the band from a central diagonal: the blackboard had been 
used meanwhile to give the intuition of greater and less in the measurement 
between two lines. 


The questions in the discussion which followed were mainly about the uses of 
the arithmetic material and it was stressed that this was a way to give a real 
understanding of number. in contrast to methods of teaching which, essentially, 
were based on notation. 


In the afternoon Mr. Cyril Hope, of Worcester Training College, spoke from 
his experiences which he stressed were of meeting real children in the classroom 
situation. He recognised that each child was an individual with certain experiences, 
who also had to learn to work in a group. The problem of teaching was one of 
choosing between creative activity and a set of rules. He dealt, in particular, with 
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the awareness of situations provided by the environment and posing problems 
which the child brought to the teacher, who acted as a “learning aid” to help him 
to solve them. He showed some aids using elastic bands and squared paper, and 
boards with nails, and mentioned a fruitful piece of work done by adding all the 
ages of the pupils and considering the time sequence backwards of the 240 years. 


Dr. Gattegno then showed scenes from the Cuisenaire filmstrip. The audience 
had to work very hard, but their attention was held. One point stressed was that 
with this material it was possible to teach products and that this made the teaching 
of tables antiquated. He also made is clear that it was only a question of language 
to introduce fractions very early, and presented no more difficulty than dealing 
with whole numbers. He showed how equivalence of fractions could be made plain, 
and stressed that this was very helpful to children. In conclusion he stated that most 
people had no idea of the possibilities of all the things that children could do in 
mathematics. 


Further discussion followed, and then the Association was thanked for the 
work they had done, giving their services, to make such an interesting meeting. 
R. M. FYFE. 





THE NORTH-WESTERN GROUP 


At the end of the highly successful week-end meeting held in Blackpool last 
March, it was suggested that more regular meetings should be held for members 
of the Association residing in the North-West of England, and the first such meet- 
ing was held on Saturday, May 18th, at the School of Education of Manchester 
University. A small group of members met to discuss policy with regard to these 
meetings and it was decided to hold them three times a year at Preston and Man- 
chester alternately. 

The rest of the day was taken up with a display of Mathematical Teaching 
Films by Nicolet, and by a talk by Mr. C. Birtwistle, The Development of a 
Teaching Aid. In his talk, Mr. Birtwistle discussed the various ways in which ideas 
for aids originated, and how one modified them and developed them as one used 
them. He illustrated his talk with various models. He was followed by Mr. F. 
Merry, who demonstrated his very ingenious models made from milk straws to 
illustrate wave motion. In order to tie up with the earlier talk Mr. Merry described 
the various ways in which he had tackled the problem of making these models. 


The second meeting of the Group was held at County Hall, Preston, on Satur- 
day, October Sth. In a talk on Arithmetic and Algebra in the Secondary Modern 
School, Miss M. J. Meetham said that her aim was to discuss the ideas in Arith- 
metic and Algebra that were important to Secondary Modern pupils; firstly, how- 
ever, she showed briefly how time could be saved in the teaching of the mechanics 
of arithmetic. 

The first main idea put forward was that of Proportion, which was linked 
with the construction and use of ready reckoner tables. She showed how meaning- 
ful experience in discussion of two proportionally varying quantities can later help 
the pupil to appreciate the notion of functionality, one of the main ideas of algebra. 
Another important idea given was that of approximation, which the pupil also 
needs to experience for himself before he is introduced to commercial mathematical 
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tables. Another topic which belongs to both arithmetic and algebra is that of 
Squares and Square Roots; and the speaker showed how work on these functions 
can later be followed by practice in the use of logarithms and the slide rule. 

She mentioned also some points in connection with the “mechanics” of early 
algebra; and made a plea that the work should be focused on the formula and the 
graph rather than on the equation. 

The other session of the meeting consisted of a discussion on Early Stages in 
Geometry which was introduced by Mr. C. Birtwistle, who stressed the importance 
of making geometry “real” by relating it to the student’s own experience and interests 
and making it “dynamic” rather than “static”. Much of the distaste which many 
children had for geometry came from the demand for formal proof, an approach 
which would only appeal to those with the highest intellect. A great many geomet- 
rical properties could be demonstrated and their truth accepted by practical work 
and the consideration of practical applications. Mr. Birtwistle illustrated his talk 
with models and with geometrical drawings done by eleven-year olds. 

The next meeting of the Group will be held at the Manchester University 
School of Education, Dover Street, Manchester, on Saturday, February Ist, at 
10.30 a.m. Mr. J. Peskett will give a talk and demonstration: Models and methods 
of making them. Visitors will be welcome. C. BIRTWISTLI 





A.T.A.M. FILM UNIT 


The optimism in our last report was justified. The Association’s animation 
camera is now erected and working. This involved a considerable amount of 
engineering, and we would express our most sincere thanks to Mr. C. W. Harris, 
who has carried out nearly all of this part of the work for us. He has given his 
time and skill very generously indeed, and we are most grateful to him. 

We have already carried out some tests, and the results were sufficiently 
encouraging for us to begin planning the shooting of a complete film. 


The Deutsches Zentralinstitut fiir Lehrmittel have made a further seven-minute 
film on Projective Geometry. This film, entitled The Topology of the Projective 
Plane, is directed by K. Schréder and H. Kaiser and continues the series of films 
on non-Euclidean geometry which was reviewed in the May 1956 number of 
this bulletin. 

As far as we know at the time of writing, no copy of this film has yet 
arrived in England. Can we hope to see one before long? 


The American Overseas Science Association. The members of this young and active 
association are interested, among other things, in the problems of teaching science 
and mathematics and would be very pleased to get to know English teachers of 
these subjects. The first issue of their bulletin /nfinity has just appeared and single 
copies of it may be obtained free on request. Enquiries can be addressed to 
Dunbar C. Aitkens, R.A.F. Station, West Drayton, Middlesex. 


We have received design- details and drawings of a compass for drawing 
ellipses on a blackboard. This ingenious instrument was designed by Sefior 
Fernaridez of Ayamonte in Spain and we will be pleased to lend the plans to 
anyone who is interested. 
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TELEVISION 


Tele-Mathematics is with us. The much discussed topics, the school television 
programme and the application of this new medium to mathematics, will at last 
assume a reality for many of us. Biased and prejudged opinions will have to be 
reviewed in the light of this fresh experience and will, it is hoped, lead in time 
to a true assessment of the situation. 


Presentation The method of presentation of the offerings of the two net- 
works indicates that both favour the documentary type of programme, with 
Associated-Rediffusion leaning a little toward the programme lesson. Neither 
appears to like the televised lesson which is being adopted in some parts of the 
United States. 


Content.—First in the field is Associated-Rediffusion with its autumn pro- 
gramme World of Figures written by John Richmond and produced by John 
Frankau. This series, in nine parts, is for the upper age groups in Secondary 
Modern Schools or the equivalent standard. 

Judging by a copy of the teachers’ notes the programmes appear intriguing 
and stimulating. The titles of the first five: Two and Two, Touch and Go, 
Inch by Inch, Measure for Measure and Ever and Ever suggests the commercial 
title A.R. for Ad(d)s!' 


The B.B.C. is considering the possibility of a series on Mathematics during 
the academic year 1958-59. 


The Association is very anxious to obtain as much information as possible, 
particularly from teachers, about Tele-Mathematics. Comments on presentation, 
content, suitability, class reaction, follow up and suggestions for other programmes 
for all levels would be most helpful. Please write. 


Finally, the best of luck to both networks in this new and interesting venture! 
IAN HARRIS, 122 North Road, Dartford, Kent. 


The main theme of the Annual Conference of the National Committee for 
Visual Aids in Education held at Bedford College in July was Television. 

The exhibition of equipment and charts was little different from previous 
years and contained a wide variety of projectors, screens, recorders, radio and 
television receivers. It was a pity that Mr. A. Vincent's very interesting exhibition 
of methods and materials for the production of one’s own visual apparatus was 
crowded into such a small space. 


During the discussion, after Miss Enid Love and Mr. Boris Ford had spoken 
on schools television, a questioner asked if any programmes on mathematics were 
envisaged. Both speakers stated that the matter was under consideration. A 
speaker from the floor then said that in his opinion film and television had little 
or no value in mathematics! Further discussion on this particular point was, 
unfortunately, closed. I. H. 
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DE HARMONICE MUNDI 

The world premiére of an opera with a mathematician as hero is surely a 
unique occasion and few operas can have had a first performance receiving more 
widespread attention than Paul Hindemith’s Die Harmonie der Welt which was 
given for the first time at Munich on August 11th and was relayed throughout 
most of Europe. Apart from his eminence as a composer Hindemith is a leading 
musical theorist, and there is singular appropriateness in having an opera about 
a mathematician with a musical theory of the planets written and composed by a 
musician with mathematical ideas on harmony. 

The central figure of the new opera is Johannes Kepler, astronomer and 
mathematician, whose treatise De Harmonice Mundi was published in 1619. He 
provides a fitting subject for a dramatic work for, living at a turning point in 
history, he suffered the conflict of the new knowledge with religious dogma and 
he faced the problems, still with us, of the relation of the man of science to the 
political powers. He laid the foundations of modern physical astronomy in a work 
which the Church placed on the Index of Prohibited Books, and he saw his own 
mother undergo thirteen months imprisonment with continued threats of torture 
on a charge of witchcraft. 

De Harmonice Mundi is for the most part an “exposition of a system of 
celestial harmonies depending on the various and varying velocities of the several 
planets, of which the sentient soul animating the sun was the solitary auditor”. 
It sought to relate the spacing of the planets with the geometry of the regular 
solids and with musical intervals. Indeed much of Kepler’s scientific work was 
directed to the construction of mystical and metaphysical theories which he had 
to abandon when he found that they did not agree with the facts of observation. 
But among much that has been subsequently rejected De Harmonice Mundi 
contains the Third Law of Planetary Motion. Kepler’s three famous laws were the 
result of an unparalleled effort of sustained calculation—-twenty-two years of work 
which was done without logarithms, an aid with which Kepler was at the time 
unacquainted. 

On the following evening the ever -versatile Third Programme gave further 
proof of the subtle links between music and mathematics in a programme that 
could scarcely have been more in contrast. Tom Lehrer “earns a precarious living” 
teaching mathematics at Harvard; he also sings musical parodies that are acid, 
cutting and occasionally macabre. If you didn’t hear The Old Dope Pedlar or The 
Wiener Schnitzel Waltz don’t miss them if they come on again. And surely he must 
be the first man to write a song about Nicolai Ivanovitch Lobachevsky, the 
inventor of non-Euclidean geometry. 

The same week four scientists met under the chairmanship of Professor C. A. 
Coulson to discuss the recent applications of mathematics to chemistry, and the 
local cinema offered the spectacle of Spencer Tracy torn between Katharine 
Hepburn and an electronic computer. 

All of this adds up to one thing. The old popular conception of a mathe- 
matician as a bespectacled eccentric cloistered in his study indulging in a harmless 
hobby holds no longer. It is out of date and finished. Maths is news. Mums and 
Dads .are interested, and Junior's predispositions when he comes into the lesson 
are not what they were twenty years ago. They are learning fast—are we moving 
with them? 
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BOOK REVIEWS 


Go AHEAD ARITHMETIC. E. R. Hamilton. University of London Press. 


For children who are not only fluent readers but who also understand the 
problems set, these books have much to commend them. There is plenty of variety, 
considerable scope for activities, and interest is a primary feature. It is thus 
surprising to find relics of formal teaching being implied in examples such as, 
“Count in tens like this: Ten, Twenty, Thirty . .. Write the numbers down as 
you say them. Count like this up to 100 if you can.” Group recitation? or 
individual muttering, unchecked because there are forty other children also 
requiring the teacher's attention? 

The diagrams are well drawn. Many of these are designed to exercise powers 
of observation and they include the beginnings of mathematics as distinct from 
mere arithmetic, a feature in keeping with the report recently published by the 
Mathematical Association The Teaching of Mathematics in Primary Schools. One 
wonders why this is not more fully developed. Shapes surely have more appeal 
to children than worthless farthings, and many are the interesting topics which 
could replace “‘reduction.”” The child who is asked, “‘How many halfpennies are 
there in £1 3s. 74d?”’ might be praised when answering “One”; but this kind of 
initiative is not encouraged, dull routine calculations being expected. Lack af 
realism at the Primary stage is definitely linked with the shortage of teachers of 
mathematics at a later stage. 

Why talk about “multiplication sums,” “division sums,” “thinking sums”? 
“Sum” implies addition, and this fact can and should be learnt at an early age 
instead of, as at present, being greeted with surprise by students training to be 
teachers. Such phrases as “twelve pennies make a shilling” are not strictly accurate, 
and the pence table as given is not consistent as far as labelling is concerned. 
The addition table which the children are to “learn by heart’ could be halved 
if the very useful (but neglected) idea that 3 + 4 comes to the same result as 4 +3 
were given a place. 

There is confusion over the beginnings of multiplication. ‘3 twos” is a different 
grouping from “‘2 threes”, and when we write “3x 2’ which do we mean? The 
wording * three twos” would imply the former, but *‘ Three times two’ to a child 
implies three twice, that is two threes, and comes in a different table, the threes 
table or the table of threes. Children would be helped if such phrases as “The 
Three Times Table’ were dropped. 


The order in which the multiplication tables are taken has much in its favour, 
breaking away as it does from ploughing through these in the old order. The first 
couple are introduced, but after that “‘Learn the table” then do the “‘sums” is not 
good enough, especially in a ““Go Ahead” book. Fractions receive a more able 
treatment. 


As already implied it would appear that these books are intended for the 
brighter pupils, and they will find “‘a lot of fun” in working through them, even 


if at the end of Book I they feel disappointment because this goal to which they 
have been encouraged to work turns out to be an anti-climax. 


1D. GRINDLEY. 
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General Editors 
ALEXANDER C. AITKEN, D.Sc., F.R.S 
Danie. E. RurHerrorp, D.Sc., Dr. Maru. 


Determinants and Matrices Pror. A. C. Arken, D.Sc., F.R.S 7/6 
Statistical Mathematics Pror. A. C. Arrken, D.Sc., F.R.S 7/6 
Theory of Ordinary Differential Equations J. C. Burkitt, Sc.D., F.R.S. 8/6 
Waves Pror. C. A. Courson, D.Sc., F.R.S. 7/6 
Electricity Pror. C. A. Courson, D.Sc., F.R.S. 10/6 
Projective Geometry T. E. Fautkner, Px.D. 7/6 
Integration R. P. Gittespiez, Pu.D 6 
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Infinite Series Pror. J. M. Hystop, D.Sc. 6 
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Equations E. L. Ince, D.S& 7/6 
Introduction to the Theory of Finite 

Groups W. LeDERMANN, PxH.D., D.Sc. 8/6 
Analytical Geometry of Three Dimensions Pror. W. H. McCrea, Pu.D., B.Sc 7/6 
A German-English Mathematical Vocabulary §S. Macintyre, Pu.D., and E. Wirtt 8/6 
Topology E. M. Patterson, Px.D. 8/6 
Functions of a Complex Variable E. G. Puittips, M.A., M.Sc. 7/6 
Volume and Integral Pror. W. W. ROGOSINSKI, 

Dr.Puit., F.R.S. 10/6 

Vector Methods D. E. RutHerrorp, D.Sc., Dr.Matu. 7/6 
Classical Mechanics D. E. RurHerrorp, D.Sc., Dr.Matu. 10/6 
Special Functions of Mathematical Physics 

and Chemistry Pror. I. N. SNeppon, M.A., D.Sc. 10/6 
Tensor Calculus Barry Spain, B.A., M.Sc., PH.D. 8/6 
Theory of Equations Pror. H. W. TurNBuLL, F.R.S. 7/6 
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KNow Your Matus, Book 2. Keith and Martindale. Blackie, 1956. 8/3d. with 
answers: 7/7d. without answers. 


This book is most carefully written, with plenty of exercises in (nearly) all 
sections, and many well-chosen arithmetic problems whose data are interesting and 
up-to-date. The sections on Number, Money and Graphs seem to me to compare 
excellently with similar sections in other Secondary Modern textbooks. The section 
on Percentage attempts too much for one year, and is relatively short of examples. 

The authors state that the set of books (four in all) is designed for “pupils 
of sound, average ability, especially those who intend to leave school at the age 
of fifteen.” With these pupils in mind, I deplore the inclusion of the traditional 
ruler-and-compass constructions, and of the tedious classification of angles made 
by two parallels and a transversal. Such work can make little impact on “average” 
secondary modern pupils. Throughout the sections on Area and Volume, besides 
those on Constructions, Parallels and Angles, there is little appeal made to the 
pupil’s natural wish to experiment, to his intuitive concepts of shape and size, or 
to the “dynamic” side of geometry. One special blemish, in my opinion, is that 
the circle appears to be treated merely as another shape whose area is required— 
and that this area is first demonstrated as 4 circumference x radius, and not as 
34 r’. 

The sections on Algebra, too, | consider far too bookish. The work on 
Brackets would be better omitted; the work on solution of equations insists on full 
“*setting-down” with no allowance for solution by inspection; the formule of the 
last section cannot but be meaningless to the “average” pupil who is struggling 
to change their subjects. 

More “discovery” work in Geometry—-more work on our weights and measures 
of all kinds and on the instruments we use for them—-some surveying—less 
academic work on Interest, but more “‘live’’ commercial arithmetic—these are what 
I would plead for in a book of this kind. The cleavage is, unfortunately, deep; 
but I would like again to pay tribute to the well-written and accurate text, also to 
the excellent diagrams, good layout, and attractive binding of this book. 

M. J. MEETHAM. 


KNow Your MatTHs, Book 3. A. Keith and A. Martindale. Blackie. 


A careful examination of Book 3 leaves no doubt that the authors’ aim is to 
lull the enquiring mind of the child into permanent apathy, and to substitute for 
mathematics a respect for the mechanicalness of the manipulation of arithmetic. 

This last function is very well performed. On the credit side it should be said 
that in some cases a selection has been made from some of the better of well-known 
methods of introducing familiar topics: the way of introducing the characteristic of 
a logarithm is good, and interesting shapes are given as examples on area (p. 33). 
The presentation and setting out are clear throughout and the problems are 
meaningful with some, those on sport for example, which will arouse genuine 
gleams of interest from the children. 

The impression remains, however, that there has been a deliberate effort to 
side-track interest from relational thought and deeper understanding, and to avoid 
even giving the children opportunities to ask questions that show they have thinking 


47 











minds and learn through activity which arouses thought. As far as | know there 
is no evidence whatever for the pre-conceived idea, shared also by many other 
authors and teachers, that the mind is trained in the way that the fingers acquire 
manual dexterity by learning scales on the piano (p. 119). 


Thus, the clinometer is introduced after the examples on heights, and verbal 
statement of the meaning of similarity is given before the drawing examples which, 
it is stated, will make the meaning clearer. Only one example is given which relates 
sine and cosine ratios, and reference to the “ambiguous” case is not developed, or 
related to the right-angle, hypotenuse and side case of congruence of triangles. The 
authors were at last forced to mention inverse operations (of — and +) but did so 
simultaneously with the already difficult step of subtraction of negative numbers. 
Not a word is breathed about what it means to express “‘any’’ number as a power 
of 10 (p. 24). 

Awareness of geometrical equalities is given no space: we plunge straight into 
formal proof, which cannot interest or convince anyone unless it comes after a 
series of questions such as: “Are you convinced? Why are you convinced? Can 
you make it clear to someone else?” 

Even when attempts are made to conduct lessons in a vital subject in such a 
cold and dead way, children are still children and cannot be imposed into apathetic 
silence all the time. By avoiding the life-blood of the subject, a heavy burden is 
thrown on to those teachers of mathematics who may be less well qualified than 
the authors to give real and true answers to thoughtful questions. 

R. M. FYFE. 


INTRODUCTORY COMPREHENSIVE MATHEMATICS. J.D. Hodson. Macmillan, 1956, 
pp. ix + 205; 6/6d. (with answers). 
Apart from the introduction of trigonometry and the use of tables of squares 
and square roots the author’s approach is similar to that found in many textbooks 
concerned with an introductory course. 


The author states, “In preparing this book | have had in mind those young 
minds who are just beginning their search for knowledge in the first forms of the 
Grammar School.” In this reviewer's opinion the text, in general, leads the pupil 
io work according to certain rules, without real understanding of the mathematical 
situation; and in the geometrical field to a passive acceptance of relationships rather 
than to a real awareness. This is a criticism of mathematical textbooks in general, 
and these faults will not be easily eliminated, as long as the textbooks remain in 
their present form. 

Algebra is introduced as generalized arithmetic and the pupil is told, “. . . the 
sum of 7 and x means 7 + x, cf. the sum of 7 and 2 is 7 + 2.” This parallelism 
between arithmetic and algebra does not exist for the child at this stage. For him 
7 + 2 is 9. The sign “+” involves action on his part. But in the case of 7 + x 
there is no action to be performed, although he may write 7x in an effort to act 
upon the situation. 


Having no real understanding as to why he is to work with letters rather than 
numbers the pupil next embarks upon simplifications, substitutions, H.C.F.s and 
L.C.M.s. It is to be regretted that the rule ““Whatever is done with one side of the 
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equation must also be done to the other” heralds the work on equations. 

The emphasis in geometry is on drawing and modelling. The pupil draws (a) 
as practice in the use of instruments and (b) to obtain certain results, which should 
be obtained as a result of an awareness of the geometrical relationships within any 
given situation (for which accurate drawing is not required) and not as a result of 
mechanical operations. It is unfortunate that so much time is given in the early 
stages to accurate drawing. The pupil’s introduction to this field consists of various 
techniques to be mastered, and his awareness of spatial relationships is slight. The 
pupil cannot be said to be “‘searching”’ for knowledge when he is asked to draw an 
isosceles triangle, measure the base angles, and say what he notices about them, 
particularly if his measurements are inaccurate. 

There is a good section on pattern drawing: which, if given in conjunction with 
lessons in which the pupils create their own patterns would give them further 
ideas for the creation of more complicated forms. 


Lastly, one might add that all single triangles and parallelograms drawn in the 
book have one side parallel to the bottom of the page, and all separate right-angled 
triangles are drawn with the sides containing the right angles parallel and perpen- 
dicular to the bottom of the page. It is not surprising that some children think of 
the hypotenuse as the sloping side, and hence think of the tangent from a point to a 
circle as the hypotenuse when the diagram is drawn in its customary position. It is 
known that, for many children beginning geometry, their recognition of a rectangle, 
for example, is not independent of its orientation in the plane; and this conservatism 
in the matter of textbook diagrams can only hinder the development of an aware- 
ness that relationships are what concern the mathematician and not particular 
perceptions. 

B. BRIGGS. 


(The textbook, its writer and the schools will be the subject of an article in the next 
issue.—-REVIEW EDITOR.) 


THE NumBer System, H. A. Thurston. Blackie, pp. vii-134, 15/-. 


This book is written for those “whose aim is to understand arithmetic rather 
than to put it into practice’’. One hears so much from so many that “children ought 
to know the mathematics of the number system’’, but always there is a lament that 
literature on the subject is scarce. Dr. Thurston’s book goes a long way to fill the 
gap in the literature on this side of the Atlantic. 

The book is planned as two parallel sections: one, discursive and explanatory 
in treatment; the other a systematic, logical, mathematical treatment. The 
explanatory treatment is eminently suited to the needs of those concerned in 
developing the notions of rational, directed and irrational numbers. Many will find 
for the first time what the apex of the elementary treatment of fractions really is, 
resolving the difficulties of those who believe that the “rule must come first”. The 
book starts from Peano’s axioms and painstakingly develops the laws of arithmetic 
and their extension to the new systems of irrational, real and complex number 
systems. Transcendental numbers are not treated. This part of the book should 
be valuable reading for mathematics students in training colleges, sixth forms and 
all teachers of maiisematics, 
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The second part of the book is more suitable for specialist mathematics 
students at the university than training college students and general teachers, but 
even so the better mathematics students in training colleges and many teachers 
may find that their own difficulties with the unfamiliar symbolisms of the second 
part give them an illuminating insight into their children’s difficulties. 

The book should be in every sixth form and training college library. 

Cc. H. 


ARITHMETIQUE. CLASSE DE MATHEMATIQUES, Y. Crozes. Masson et Cie, Paris, 
1956. pp. 404. No price indicated. 


It is traditional in the French lycée for those who wish to specialise in scientific 
fields to study in their last year (at the age of 17-18) the theory of arithmetic. It 
is a study that is not always considered to be either useful or interesting and is 
often neglected by students. It involves an abstract examination of number proper- 
ties and the background for numeration and operations on numbers. The theory 
of divisibility, for instance, that of fractions and of square roots are considered in 
detail. Pupils must, for example, be able to prove rigorously that if two numbers 
are divisible by the same number, so is their sum or their difference; that the 
sequence of prime numbers is infinite; that the decomposition of any number into 
prime factors is possible and unique, etc. 

It was no light task to attempt to give a new aspect to this traditional field, 
and it required an author with M. Crozes’s love of logic to make a success of so 
doing. M. Crozes reveals the qualities we always associate with French writers of 
textbooks: clarity, rigour in details, elegance of exposition, but he also shows that 
he can recast the syllabus in modern style and produce a book that is in keeping 
with the times. The publishers have co-operated in producing a most agreeable 
lay-out which will make the study of this rather arid discipline more attractive. 

The book begins with a study of sets and relationships making use of modern 
notation. This allows statements of arithmetic to acquire their maximum meaning 
since they follow from the fact that sets are ordered or finite, or both, or from 
similar general properties. At the same time as he meets the classical results, the 
pupil is struck by the novelty of the approach and is learning to use tools that are 
valid in a far wider field than the subject in question, and of which arithmetic is 
only one example. Thus although the author is renovating a traditional field, he 
shows that the process is necessarily wasteful in that the arsenal of methods, ideas, 
notions and notations which the pupils are being given could serve many more 
purposes than the study of this limited field. Since the subject is in the official 
syllabus, a book for pupils must be written, but may we not question the wisdom 
of restricting the scope of a study once it has been decided to introduce the wider 
concepts first? If the pupils can assimilate these ideas, as they show they can, it 
seems reasonable to leave aside much of the traditional subject and give them a 
field corresponding to the powers acquired. 


_ However this may be, the book will interest teachers who wish to clarify 
their understanding of the basis of arithmetic from the empirical experience to the 
abstract processes. Those who teach this subject will find great pleasure in reading 
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this new exposition and will also find it is an opening through which new ideas 
and notations may enter the well-defended fort of the traditional grammar school, 
thus freeing the pupils and making the transition to the university less painful. 

c. G. 


DOCUMENTATION, CAHIER No. 5. Méinistére de lInstruction Publique, Brussels, 
1956. 114 double-column pages with many illustrations. No price. 


After a most successful exhibition organised in Antwerp in November, 1955, 
by the Société Belge des Professeurs de Mathématiques, the Belgian Ministry of 
Education showed its appreciation of the effort made by publishing under its 
auspices, in one volume, as much of the work shown as could be transferred into 
print. This volume is a mine of information and should be studied by all those who 
are attempting to solve teaching problems through the use of models. 


The committee of the Belgian association, under the dynamic leadership of 
Willy Servais, has succeeded in keeping alive in this publication much that was 
admirable in the remarkable exhibition in Antwerp. As might be expected in a field 
still to be established, there are some sections showing ideas which have been 
superseded by those of teachers in other countries, and there are others which 
will make little appeal to readers in Great Britain because they relate to a syllabus 
not taught in British schools and universities. 


Among the sections which show most ingenuity three-dimensional geometry 
comes first because so many of the difficulties met in teaching on the Continent are 
to be found in this field. Another section which should attract attention is concerned 
with the theory of transformations in two dimensions, using Meccano rods. The 
originator of this idea, the Frenchman Biguenet, has found in Belgium many 
imitators who have thus been able to bring the algebra of matrices within the scope 
of fifth- and sixth-formers. Interesting, too, are the models showing the use of 
electric currents to illustrate Boole’s algebra and logical schemata. 

For members of this association such a publication is valuable, not only because 
it shows what is being done by a group of colleagues abroad, but also because it 
shows that they have not yet developed certain ideas which are occupying minds in 
this country. There is a place for a similar book written by our members for the 
purpose of sharing with others our achievements. 

A copy of the book reviewed is available in the association’s library for loan to 
members. 


c.. G. 


DipacticA MATEMATICA Eurtstica, Pedro Puig Adam. Instituto de Formacion 
del Profesorado de Ensefianza Laboral, Madrid. 1956. pp. 136. 50 pesetas. 

For more than thirty years, Pig Adam has held his ground as one of the best- 
known teachers and authors of textbooks in the Spanish speaking world. He was the 
first to introduce new blood into the traditional method of presenting mathematics 
to grammar school pupils. His intuitive approach, which showed great ingenuity, 
was supported by a fund of interesting ideas and constant pre-occupation with 
applications. A hard worker, for whom textbook writing is no sinecure, he has 
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improved his examples and treatment in each successive edition of his books. He 
has now published his first book on teaching techniques on which he has reflected 
as long as he has taught. He believes that the pupil never knows things better than 
when he has been actively engaged in finding for himself how to put the questions 
and to discover the answers—hence the word “heuristic”’ in the title of the book. 

The book contains thirty lessons based on topics in the syllabus of Spanish 
grammar schools but usable in any secondary school. Of the first ten, which are 
concerned with arithmetic, the most original deal with the theory of square root 
using press-studs, and the theory of residues using Cuisenaire’s coloured rods. In 
the next ten, related to algebra and analysis, and in which the author’s great power 
of observation is evident, progressions and the problems of sums of squares or 
cubes of their terms are particularly to be noticed. 


It is, however, in the last ten lessons that Puig Adam has most to teach us. 
He is acutely aware of the presence of mathematics in the environment and his 
collection of examples will open the eyes of those who still think that the black- 
board and chalk are the only means at the disposal of the mathematics teacher. 
We are shown how a piece of glass, the hasp of a window, pieces of broken brick 
can suggest to the mind valuable challenges which can lead to important mathe- 
matical awarenesses, ancient questions thus becoming attractive and productive. 

Puig Adam is no dreamer. He sees the teacher’s task as being that of working 
within a given syllabus to equip his pupils for their careers. His aim, therefore, is 
to renovate teaching methods and his book offers many examples of how this can 
successfully be done. 

The Library of the association has two copies of the book available for loan to 


members. 
c'G. 


BOOKS RECEIVED FOR REVIEW 


Introductory Comprehensive Mathematics, J. D. Hodson. (MacMillan.) 

Know Your Mathematics, A. Keith and A. Martindale. (Blackie.) 

Mathematical Test Papers for Upper Forms, R. Blamire Clarke. (University of London Press.) 

A First Geometry, Parts | and I], D. N. Starker. (Harrap.) 

The Number System, H. A. Thurston. (Blackie.) 

Go Ahead Arithmetic, E. R. Hamilton. (University of London Press.) 

Mathematical Notes, C. F. G. MacDermott. (Blackie.) 

Practical Arithmetic for Boys, R. E. Harris. (MacMillan.) 

Know Your Mathematics, Book 4, A. Keith and A. Martindale. (Blackie.) 

Basic Mathematics for Radio and Electronics, F. M. Colebrook and J. W. Head.  (lliffe.) 

Ten-a-day Mental Arithmetic, Nine-a-day Mental Arithmetic, Eight-a-day Mental Arithmetic 
Final Check in Arithmetic, A. L. Griffith. (Oliver and Boyd.) 


(We regret that certain reviews are unavoidably held over until the next issue.) 


SOLUTION PROBLEM: v¥=21, y=6, z=3. 
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ASSOCIATION FOR TEACHING AIDS IN MATHEMATICS 
CONSTITUTION 


1. The name of the Association shall be ‘‘ THE ASSOCIATION FOR TEACHING 
AIDS IN MATHEMATICS.”’ 


2 The Arms of the Association shall be to promote the study of the teaching 
of mathematics, and to improve the aids used therein, through week-end courses, 
exhibitions, demonstration lessons, and the publication of a bulletin. 


3. _ Membersuip of the Association is open to all who are. interested in these 
aims. 


4. The SUBSCRIPTION shall be five shillings per annum, covering the calendar 
year, and shall be payable to the Treasurer from the beginning of the year. 
Subscriptions of new members joining after 1st October shall also cover member- 
ship for the following calendar year. 


3; The Committee shall consist of a Chairman, Secretary, Treasurer and nine 
other members, and shall be responsible for all day to day management of the 
Association. It shall have power to co-opt additional members, to appoint 
assistants to Secretary and Treasurer, an Editorial staff for the bulletin, a 
Librarian, and to delegate responsibility to sub-committees set up to act for 
particular aspects of the work of the Association. 


6. The Committee of the Association shali call an ANNUAL GENERAL MEETING 
once in the course of each calendar year, and at this Meeting the Committee 
for the subsequent year shall be elected. The Annual General Meeting shall also 
have power to fill the office of President for the ensuing year and to elect 
Vice-Presidents. Such Officers are to be ex-officio members of the Committee. 
Nominations, duly proposed and seconded and with the consent of the nominee, 
must reach the Secretary, in writing, at least 28 days before the date of the 
Annual General Meeting. 

7. EXTRAORDINARY GENERAL MEETINGS may be called at any time, either 
by the Committee, or at the written request to the Secretary of at least twenty 
members of the Association, with reasonable time allowed for making the 
necessary arrangements. 


8. A Quorum for a General Meeting shall be 20 members. 


9. The CONSTITUTION may be amended by a resolution passed by a simple 
majority at an Annual General Meeting. Notice of any such resolution must 
reach the Secretary in writing at least 28 days before the date of the Meeting. 
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